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A mathematical problem of linear physical adsorption of a dissolved impurity is formulated, by consider-ing its
diffusion transfer during the filtration of an aqueous suspension through a uniform adsorbent bed at a constant rate.
By averaging the impurity concentrations in the free and bound states over an arbi-trary time period, an approximate
solution of the problem is obtained, which is only expressed in terms of the elementary functions. On its basis, it is
proposed to calculate the rational duration of the filter run. The solution is discussed and illustrated with a number
of examples with typical input data.
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Adsorption devices are widely used in chemical technologies and, in particular, when removing
the dissolved contaminants from waste and natural waters. Therefore, the extensive literature is
devoted to the study of the adsorption process under static and dynamic conditions, including
numerous books (e. g. [1, 2]). Naturally, one has to limit oneself to only mentioning small number
of papers directly related to this development. Additionally, the formulations and solutions of
some basic problems of adsorption are presented, for example, in [3-6]. For the practical imp-
lementation of the results of theoretical studies, the reliable initial information is required. The
potential and current absorption capacities of many adsorbents have been studied in detail by
experimental methods [7-11]. Just based on the published empirical data on isotherms and ki-
netics of adsorption, the dynamic adsorption is modeled using analytical methods below.

It is assumed that a weakly concentrated aqueous solution is filtered at a constant rate V
(downward filtration) through a uniform layer of grains with a height L. The kinetics of rever-
sible adsorption is linear, and mechanisms of mass transfer are comparable in importance. Then,
taking the diffusion transfer into account, the dynamics of an impurity in the free (C) and
bound (§) states is described by the following system of linear equations:
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The following boundary and initial conditions are joined to system (1), (2)

2=0, C=Cy; 2=L, %0, (3)
0z

Here, D; is the (effective) diffusion coefficient, n, is the porosity of the adsorbent layer, p,
is the bulk density, A, is the rate coefficient of the impurity adsorption, K,; is the adsorption
coefficient.

As a result of the dimensionless representation, the mathematical model (1)-(4) takes the form
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t=0, §=C=0. (8)

where C=C/C,, S=p,S/Cy, T=Vt/(nyL), z=2/L, Pe=VL/D, , A, =ngIL,/V, K,y =p K,
When deriving the approximate dependences for the concentrations being calculated, the
following procedure was used for their averaging over the calculation period [0, T]
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Previously, it was successfully implemented for the suspension filtration [12].

A rigorous solution to the linear problem (5)-(8) was found by an operational method in
the form of an improper integral. In view of the strong oscillation of the integrand at large values
of the integration variable, the concentrations C,S can be calculated over time and by height
only by numerical methods, but the well-known software packages for the mathematical ana-
lysis are ineffective here [13]. Naturally, the approximate analytical methods are clearly preferable
for predictive, technological, and constructive calculations. As a result of the application of an
averaging operation in accordance with (5) to the kinetic equation (7) the following relations
between C,, and S, were found:
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At the high adsorption capacity of an adsorbent and the prolonged filtration, as well as in
the problems of the clarification of suspensions, the value 8C/dt is called small in comparison
with 85/ét and is not considered in what follows. By averaging all the terms in Eq. (6) and
taking (10) into account, the following equation is derived for C,,,
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The corresponding boundary conditions follow from (8), namely,
t=0, C,=1; z7=1, dLﬁU:O. (12)
dz
Then the average concentration C,, changes over the bed height by the end of the calcula-
tion period as follows
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where 8, ,(7) ~Pelq, 1+8)L5—Kﬁd . For the simplification of calculations at large values
' 2 Pe(2+1,T)

Pe, it is expedient to transform the formula (13) to the form
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where 8(7") = 1+m. On the basis of representation (13) or (14), the characteristic C,
e(2+ M\

(equal to C(1, £)) as a key for the technological and construction analyses can be calculated
in two ways. A simple and, nevertheless, rather reliable method is based on the fact of an almost
linear increase in the impurity content in the filtrate. It has been repeatedly confirmed by the
results of experimental and theoretical studies of the filtration of aqueous suspensions and so-
lutions. Thus, it is easy to derive the dependence C, (), that is convenient for engineering calcu-
lations and takes the following form for an arbitrary relative duration of the calculation period ¢
Pe
48(T)e ? S +8(6)]

C,(T)~ .
2 [1+8(7)]e" % +5(7) -1

e

(15)

Certainly, it is more reliable to calculate the filtration characteristics (first of all, C,) on
the basis of a solution of the problem with respect to the function C(z,¢). This problem is
based on Eq. (6), which is substituted with the approximate expression for the function

5GP - ELC, 7). (16)

Expression (16) was obtained by applying again the averaging procedure to Eq. (7). Then
the basic equation takes the form

27 = VR OF _
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being solved under the boundary conditions (8). After cumbersome calculations, the represen-
tation for the concentration under study is obtained in the integral form

_ 5,2 1
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Thus, the relative content of the dissolved substance at the filter exit increases with time in
accordance with the following relation:
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Here, 83 4 = Pel gy |1y 2lstad | Y () =——3ud e_ — . To exclude the integrals
2 Pe (2+ 7,7 )W Pe* +47,K ,Pe

in formulae (18), (19), they must be substituted with expression (13) and integrated within spe-
cified limits. Then the basic calculation formula relative to C, taces a more complicated form, but
contains only elementary functions, namely,
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(20)
It follows from (18) that, immediately after the contamination front passage through the
adsorbent layer, the profile C°(z) will be formed inside. Therefore, it can be interpreted as the
initial profile for the subsequent calculations of the technological process,

648—63(1—2) _ 836—64(1—5)

C’(z)= (21)

—83 —84

The formulae represented above to calculate the relative concentration of the adsorptive
within the adsorbent bed actually generalize the effective formula [12]. This formula is justified
in the case of significant adsorptive diffusion transfer and formally derived at §° =0 from (18) by
a limiting transfer ¢ — 0.

The main purpose of technological calculations in relation to adsorption filters is to esta-
blish the duration of the operation period (filter run) ¢,, during which the outlet impurity con-
centration C, will not exceed the maximum permissible value C. [14, 15]. The relative value
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Fig. 1. An increase in the relative concentration of Fig. 2. Dependence A, (lgPe): 1 — K, =10% 2 —
the adsorptive in the filtrate in time: 7 — Pe = 10; K, =5-10% 3— K, =2-10°
2—Pe=25,3—Pe=100;4 — Pe —> o
7103 4 t, is recommended to determine on the basis
of the more compact formula (19). Then, it is
161 2 necessary to satisfy the equation (by a simple
" scanning of values ¢, )
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1 2 lgpe The above expressions for the relative con-
Fig. 3. Dependence 7,(IgPe): 1 — %, =0.01; 2 — centration of the adsorptive in the adsorbent
% =0.001; 3 — X, =0.0005 bed are illustrated by examples of calculating

its output value C,(¢) and the technological
time f,. At the same time, the attention was focused on the importance of the diffusion trans-
fer of a dissolved impurity for the operation of adsorption filters and the Peclet number for the
calculation characteristics. The input data varied widely to cover both normal and extreme pro-
cess conditions.

First of all, the dynamics of contamination in the filtrate was determined using formulae
(15) and (20) in order to assess the suitability of the simpler first formula for predicting the qua-
lity of the adsorption water treatment. Pre-recorded values A, (0.0010r 0.01), K, (2-10%).
A set of the C,(A,f) curves corresponding to four values Pe is shown in Fig.1. The reference
curve for identifying the role of the above-mentioned mass transfer mechanism in the removal
of the substance is the limiting curve 4 calculated at Pe — o . The results of calculating C, us-
ing the two indicated formulae turned out to be so close that the corresponding pairs of curves
for all accepted values Pe practically are merged together. The noted fact testifies to the legi-
timacy of accepting the hypothesis about the linear nature of the increase in the contamination
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content in the filtrate and, which is more important, about the actual equivalence of both cal-
culation formulae.

The results of three series of calculation of the technological time ¢, allow us to get a more
complete understanding of the impact of physical and chemical properties of the adsorbent and
adsorptive on the performance of the adsorption filter. First of all, the parameter Pe was changed
continuously by two orders of magnitude or more. The values of ¢, were calculated by mak-
ing adjustment on the basis of Eq. (22) with a single value of C. (0.2), and the values of the
parameters K,;, A, were either fixed in turn (respectively, 10*, 0.01, and 0.001) or discretely
changed. leferences in the position and shapes of the calculated curves are due to differ-
ent absorption capacities (Fig. 2) and the kinetics of mass transfer (Fig. 3). With the maximum
possible enhancement of the diffusion transfer according to the accepted initial data, which is
formally expressed in a decrease of Pe to 10, the estimated time was reduced by 25 ... 33 %. If we
restrict ourselves to the values of Pe, which are characteristic of the adsorption filters, then
the analogous changes were half as much. Thus, the cost of water treatment can increase signi-
ficantly. In addition, a high sensitivity of Z, to A, and especially to K,; follows from Fig. 2
and 3. Thus, a reduction in the second coefficient by 5 leads to almost the same reduction in the
time of calculations. At the same time, with a 2-fold A, change, Z, changed by about 15%.

To summarize, first of all, we note the application efficiency and the simplicity of the deve-
loped technique for calculating the dynamic linear adsorption. Bearing in mind the subsequent
analytical studies of nonlinear dynamic adsorption, the reality and justification of a significant
simplification of the modeling and calculations should be emphasized. Indeed, if we rely on mo-
dels with respect to the averaged characteristics, being studied, then the additional calculation
errors will be negligible.
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JINHAMIYHA JITHIMHA AJICOPBIIIA
NP AACOPBEHTI I3 CYIIJIbHOTO MATEPIAJTY

Cpopmywosano mamemamuuny 3adauy Jinitnoi Qisuunoi adcopOuyii posuunenozo OOMIUKY 3 YPaxyeantsim 1ozo
Qughysiiinozo nepenocy pasom 3 Qirvmpauicio 60010l cycnensii uepes 00HOPIOHUL wap adcopbenmy 3 NOCMitiHolo
weuoKicmio. 3as0sKu ocepeOnenIo KOHueHmpayitl OOMIWKI8 Y 6LIbHOMY i (IKCOBAHOMY 36 A3AHOMY CMANAX NPO-
msazom 006LILHO20 NePiody UaAcY 00epICano HAOIUNCCHUL PO36 30K 3a0aui, AKULL GUPANCACTNHC MINLKU Yepes ee-
menmapni Qynkuyii. Ha 11020 0cnosi npononyemuvcs po3paxosyséamu payionaiviy mpueanricmy Quiempoyuriy.
Po36’530K 002060pP10EMbCsL 1 LIOCMPYEMBCSL PAOOM NPUKIAOLG 3 MUNOBUMU SUXIOHUMU OAHUMIL.

Kantouosi crosa: gisuuna adcopbuis, pirempysanns, adcopbenm, cycnensis, Qinvmp, nabauicenuil pose’ sizox.
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