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We prove the existence of solutions for the Hilbert boundary-value problem with arbitrary measurable data for the
nonlinear equations of the Vekua’s type 05 (z)=h(z2)q(f (2)). The found solutions differ from the classical ones,
because our approach is based on the notion of boundary values in the sense of angular limits along nontangential paths.
The results obtained can be applied to the establishment of existence theorems for the Poincaré and Neumann
boundary-value problems for the nonlinear Poisson equations of the form AU (z)=H (z2)Q (U (z)) with arbitrary
measurable boundary data with respect to the logarithmic capacity. They can be also applied to the study of some
semilinear equations of mathematical physics modeling such processes as the diffusion with absorption, plasma
states, stationary burning etc. in anisotropic and inhomogeneous media.

Keywords: Hilbert boundary-value problem, measurable boundary data, logarithmic capacity, semilinear equations
of the Vekua type, nonlinear sources, angular limits, nontangent paths.

1. On completely continuous Hilbert operators. The basic part of definitions and historic
comments can be found in papers [1] and [2]. However, let us recall here that a completely
continuous mapping from a metric space M, into a metric space M, is defined as a continuous
mapping on M, which takes bounded subsets of M, into relatively compact ones of M,, i.e., with
compact closures in M,. When a continuous mapping takes M| into a relatively compact subset of
M,, it is nowadays said to be compact on M.

The notion of completely continuous (compact) operators is due essentially, in the simplest
partial cases, to Hilbert and F. Riesz, see the corresponding comments of Section V1.12 in [3], and
to Leray and Schauder in the general case (see paper [4]).
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In paper [1], we considered generalized analytic functions | with sources g €L”,p>2, that
have generalized first derivatives by Sobolev and satisty the equation
8—]_[: , i_::l(iﬂ'-ij, zZ=x+1y (1
0z 0z 2\ ox oy
and studied for them the Hilbert boundary-value problem under arbitrary boundary data that are
measurable with respect to the logarithmic capacity.

In particular, Theorem 1 in [1] stated, for A:0D—C,|A(§) =1, with countable bounded
variation, @: 0D — R which is measurable with respect to the logarithmic capacity and g :D — R
in L” (D), p > 2, there exist generalized analytic functions f :ID — C with the source g that have
the angular limits

lim Re{L(0)- £ (2)} = () qe.on 0D. (2)

Furthermore, the space of such functions f has the infinite dimension.

Thus, the Hilbert boundary-value problem always has many solutions in the given sense for
each such coefficient A, boundary data ¢ and source g. Of course, the axiom of choice by Zermelo
makes it possible to choose one of such correspondences named further as a Hilbert operator,
but the latter with such a random choice can be completely discontinuous. Later on, to apply
the approach of Leray—Schauder for extending Theorem 1 in [5] to the generalized analytic
functions, satisfying nonlinear equations of the Vekua type, we need just the complete continuity
of such correspondence.

Now, we show that, fixing only one antiderivative @ for the function ¢ from Lemma 1 in [2],
it is possible to obtain a completely continuous Hilbert operator. For this purpose, let us analyze
the construction of solutions of Eq. (1) with the Hilbert boundary condition (2) from the proof
of Theorem 1 in [1].

There, we often applied the logarithmic (Newtonian) potential N ; of sources G e L (C), p > 2,
with compact supports given by the formula:

N, (z):=ijln|z—w G (@)dm (). (3)
C

However, by the linearity of the operator N, with respect to G, we extend here definition
(3) in a natural way to the complex-valued sources G, as usual, interpreting the imaginary parts
of G as distributed currents. Recall also that, by Lemma 3 in [6], see also Theorem 2 in [7],

N eW 2P (C)nCLe(C) witha:=(p-2)/pand AN, =G ae.
Let us consider Eq. (1) in the unit disk ). Extending g by zero outside of I and setting P = N
withG =2g,U =P, andV = —P,, we have that

H:=U +iV=2.£, i;zl i_li
0z 0z 2\ox oy
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is just a generalized analytic function with the source g because the Laplacian

2 2 2 2
A (5)
ox® oy 020z 020z

Note also, by the way, the connection of H with the known Pompeiu integral operator (see,
e.g., relation (2.21) in [8]), that gives its representation in the explicit form

H()=T <z>——jg< )@, (6)
Remark 1. In view of relation (6), we have by Theorem 1.19 in [9] that

HEI<M,lgl, vzeC, )
|H @) —H ()| <M, gl 2-2, " V2,2, €C, (8)

where the constants M, and M, depend only on p >2,and a.=(p —2) / p. Thus, the linear operator

H is completely continuous on compact sets in C and, in particular, on D by the Arzela—Ascoli
theorem (see, e.g. Theorem IV.6.7 in [3]).

Next, since H € Cy.. (C), a:=(p—2) / p, the boundary function

0 (©):=lim Re{A(C)-H ()} =Re{M(0)-H (§)), VG eaD, 9)

is measurable with respect to the logarithmic capacity.
Consequently, the generalized analytic functions f with the source g satisfying the Hilbert

condition (2) can be got as the sums f = H +C with analytic functions C satisfying, in the sense of
angular limits, the Hilbert boundary condition

lim Refh()-C(2)} =w(8)=(5) -9, (©) q.e.on oD. (10)

In turn, by the construction of Theorem 5.1 in [10], such analytic functions C can be obtained
as the products of 2 analytic functions A and B. The first

A@ =", @)= [0, O F
oD

zeD, (11)
with a function a, that is measurable with respect to the logarithmic capacity, bounded on oD,

of countable bounded variation and such that

Q)= *®  qe.onoD. (12)
ISSN 1025-6415. [lonos. Hay,. axad. nayx Yxp. 2022. Ne 2 5
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By Lemma 4.1 in [10], the angular limits of Ima(z) as z —> ¢ q.e. on &D form a function
B:0D — R that is measurable with respect to the logarithmic capacity. By Remark 2 in [2], the
second analytic function B can be obtained in the form

=Sy (2)=2 [ XE) 13
B(z)=Sy (2) nm(g_z)z G zeD, (13)

where ¥ is an antiderivative of the function ye® from Lemma 1 in [2].
Thus, analytic functions C can be represented in the more convenient form

C()=4@)[S¢ (2)-Se, (D], (14)

where @ and @, are antiderivatives of the functions of geP and @.e? from Lemma 1 in [2],
respectively. Note that the analytic functions A and S¢, do not depend on the sources g at all. Let
us choose the function @ in a suitable way.

From this point on, we demand that all sources g have compact supports in the unit disk
and belong to a disk D :={z € C:[z | < p} with a radius p € (0,1). Then the function H (), z € C,
is analytic in a neighborhood of the unit circle 6D and, in particular, H () is continuously
differentiable with resspect to the variable 8, { = e 9 eR. Moreover, by relation (6), we have
that

Hy(© =it (©)=2 [g@) 29 yreop, (15)

m D (C - w)

Let us denote, by A, an antiderivative for the function 2e? from Lemma 1 in [2].

Then the following function M 18 an antiderivative for the function ¢ geB :
9
@, (C)=Re{A(OH (C)—IA(i)He (€)do+S (9)}, (16)
0
where S :[0, 2r] — C is a function of the form
2n ) ]
S(9):=C(9) f/\(i)He (€)de, ¢=e, g=¢", 8,0€[0,2n], (17)
0

with a singular function C:[0,2r]—[0,1] of the Cantor ladder type, i.e., C is continuous,
nondecreasing, C (0)=0, C (2n)=1 and C' =0 q.e. on [0, 2n]. Recall that the existence of such
functions C follows from Lemma 3.1 in [11].

Let us show that the Hilbert operator H, generated by the sums H +C under the given
choice of @ and © i (14) is completely continuous on compact sets in ). Recall that the analytic
functions A and S, in representation (14) of C do not depend on the sources g. Hence, by Remark 1,
it remains to show that the linear operator S‘Dg is completely continuous.
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Indeed, by the construction of ®© 10 (16) and relations (6) and (15)

Llglk 18 Iy
) <— +2
o, Q< T 202

with ¢, =3/ (1-p)? and C,= 3n/(1-p)?, respectively. Hence,

7 < llglh <Cp-lgll, vEeoD (18)

So, (DI<C, -l V2D, re(O.D), (19)
So, (2)=Sa, @I<C,, 18], 12122 ] V212, €D,.7 (0., (20)

where the constants C,, , and C ;, , depend only on the radii p and 7 € (0,1). Thus, the operator S,
is completely continuous on compact sets in ID again by the Arzela—Ascoli theorem. Combining it
with Remark 1, we obtain the following conclusion.

Lemma 1. Let 1:0D — C,|A(§) |=1, be of countable bounded variation, and let ¢: 0D — R be
measurable with respect to the logarithmic capacity. Then there is a Hilbert operator H ; over g : D — C
in LP (D), p > 2, with compact supports in I, generating generalized analytic functions f:1D — C with
the sources g and the angular limits

lim Re{h(Q)-f(2)}=0()  gqe.on D, (21)

whose restriction to sources g withsuppg < D, is completely continuous overD, foreachp andr € (0,1).
Remark 2. Note that the nonlinear operator H , constructed above is not bounded except the
trivial case ® =0 because then H, = A-S,, # 0. However, the restriction of the operator H, to D,

under each r €(0,1) is bounded at infinity in the sense that m%X|Hg (2)[<M-| g ||, for some
zZ€E

M >0 and all g with large enough || g [|,- Note also that, by Lemma 1 in [2], we are able always to
choose @ for any ¢, including ¢ =0, which is not identically 0 on oD.

2. On the Hilbert problem for semilinear equations in a unit disk. In this section, we study
the solvability of the Hilbert boundary-value problem for nonlinear equations of the Vekua type
0=/ (z) =h(z)q(f (z)) in the unit disk I. The well-known Leray—Schauder approach allows us to
reduce the problem to the study of the corresponding linear equation from our paper [1] on the
basis of Lemma 1 in the previous section on a completely continuous Hilbert operator H p and
Remark 2 on its boundedness at infinity.

Theorem 1. Let L : 0D — C,| A (§) |=1 be of countable bounded variation, and let ¢ : 0D — R be
measurable with respect to the logarithmic capacity. Suppose that h : D — C is a function in the class
LP (D) for p > 2 with compact support inD and q : C — C is a continuous function with

lim 499 o, (22)

w—0 W

Then there is a function f:D—C in the class Cy..(D) with o =(p—-2)/p and generalized first
derivatives by Sobolev such that

0:/(2)=h(2)-q(f(2)) aeinD (23)
ISSN 1025-6415. [lonos. Hay,. axad. nayx Yxp. 2022. Ne 2 7
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and, in addition, f is a generalized analytic function with a source g € L (D) and the angular limits
linRe((©)-/ (2} =(©)  qe.on D, (24)

Moreover, f =H . where H p is the Hilbert operator described in the last section, and the support
of g is in the support of h and the upper bound of | g ||, depends only on || ||, and on the function q.

Proof. If | |,=0 or || ||-=0, then any analytic function from Theorem 5.1 in [10] gives the

desired solution of (23). Thus, we may assume that || /2 ||, # 0 and | g [|o # 0. Set g (¢) = max |q (@),
kol <t

t eR" :=[0, ). Then the function g. : R* — R*is continuous and nondecreasing and, moreover, by (22),

lim 29—, (25)
t—>o0

By Lemma 1 and Remark 2, we obtain the family of operators F (g; ) : L} (D) — L? (D), where
L? (D) consists of functions g € L (D) with supports in the support of 4,

F(g)=th-qH,) Vte[0,1] (26)

which satisfies all groups of hypothesis H1-H3 of Theorem 1 in [4]. Indeed:

H1). First of all, by Lemma 1 the function F (g;t) e L} (D) for all t€[0,1] and g € L} (C)
because the function q(H ;) is continuous and, furthermore, the operators F (; ) are completely
continuous for each t €[0, 1] and even uniformly continuous in the parameter t €[0,1].

H2). The index of the operator F (g;0) is obviously equal to 1.

H3). Let us assume that solutions of the equations g = F (g; t) are not bounded in L% (D), i.e.,
there is a sequence of functions g, € L} (D) with || g,, ||, o as n — o such that g, =F (g,,; 1,,) for
somert, €[0,1,n=1,2,....

However, by Remark 2, we have that, for some constant M >0,

Iy

and, consequently,

Mg, MR ],

(27)
[®

for all large enough n. The latter is impossible by condition (25). The obtained contradiction
disproves the above assumption.

Thus, by Theorem 1 in [4], there is a function g € L} (D) with F (g;1) = g, and, by Lemma 1,
the function f:=H , gives the desired solution of (23).

Remark 3. By the construction in the above proof, the source g : D — C is a fixed point of the
(nonlinear) integral operator Q, :==h-q(H z): L}, (D) — L} (D), where L (D) consists of functions
gin L” (D) with supports in the support of 4.

3. Extending results to some Jordan domains. Here, we extend the above results to Jordan
domains with the so-called quasihyperbolic boundary condition, see definitions in our paper [1].

8 ISSN 1025-6415. Dopov. Nac. akad. nauk Ukr. 2022. Ne 2
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As known, such domains include, for instance, domains with quasiconformal boundaries and, in
particular, domains with smooth and Lipschitz boundaries. However, quasiconformal curves can
be even nowhere locally rectifiable.

Theorem 2. Let D be a_Jordan domain with the quasihyperbolic boundary condition, 6D have
a tangent q.e., »:0D — C,|M&) |21, be in CBV(OD), and let ¢: 0D — R be measurable with respect
to the logarithmic capacity. Suppose that h: D — C is a function in the class L? (D) for p > 2 with
compact support in D and q : C — C is a continuous function with

lim 1% 0, (28)
w—oo W
Then there is a function [:D — C in the class Cy. (D) with o =(p—2)/p and generalized first
derivatives by Sobolev such that

0z /(€)=h(€)-q(f(€)) aeinD (29)

and, in addition, f is a generalized analytic function with a source g € L? (D) and the angular limits
%im Re{d(w)- f (&)} =¢(w) q.e.on OD. (30)
—0

Moreover, f(&)=H z(c(8)), where c is a conformal mapping of D onto D, H ; is the Hilbert
operator described in Section 1, § = g oc™", and the support of g is in the support of h, and the upper
bound of || g ||, depends only on || h ||, the function q and the domain D.

Proof. Let ¢ be a conformal mapping of D onto D that exists by the Riemann mapping
theorem (see, e.g., Theorem I11.2.1 in [12]). Now, by the Carathéodory theorem (see, e.g., Theorem
I1.3.4 in [12]) ¢ is extended to a homeomorphism ¢ of D onto D. Furthermore, by Corollary of
Theorem 1 in [5], ¢« :=¢|yp:0D — 0D and its inverse function are Holder continuous. Then
Li=Loci' € CBV(OD) and §:= @ocs ! is measurable with respect to the logarithmic capacity, see,
e.g., Remarks 1 and 2 in [1].

Now, set o =hoC-C', where C is the inverse conformal mapping to ¢, C :=¢~':D— D. Then
it is clear by the hypothesis of Theorem 2 that 4 has a compact support in D and belongs to the
class L? (D). Consequently, by Theorem 1, there is a function f:D— C in the class CZ, (D) with
a=(p—2)/pand generalized first derivatives by Sobolev such that

0.f(2)=h(z)-q(f(z)) aein D (31)

and [ isa generalized analytic function with a source g € L” (D) and the angular limits

lim Re{h(8)-J (2)} = (%) q.c.on oD. (32)

z—¢

Moreover, szg, where H is the Hilbert operator described in Section 1, and the

support of & is in the support of % and the upper bound of || g |, depends only on || h |, and on
the function q.

ISSN 1025-6415. [lonos. Hay,. axad. nayx Yxp. 2022. Ne 2 9
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Next, setting f =foc, by simple calculations, see, e.g., Section 1.C in [13], we obtain that

o _of
0E oz
and generalized first derivatives by Sobolev that satisfies Eq. (29), f is a generalized analytic
function with a source g e L” (D) and, moreover J(&)=H;(c(&)), where H is the Hilbert
operator described in Section 1, § =goc™", and the support of g is in the support of & and the
upper bound of || g [|, depends only on || ]|, the function g and the domain D.

It remains to show that f has the angular limits as £ - @ € dD and satisfies the boundary
condition (30) g.e. on 6D. Indeed, by the Lindelof theorem, see, e.g., Theorem I1.C.2 in [14], if 6D
has a tangent at a point o, then arg[c.(w)—c(§)]—arg[m—&] — const as § — o. In other words, the
images under the conformal mapping ¢ of sectors in D with a vertex at @ € 8D is asymptotically the
same as sectors in ) with a vertex at ¢ = c.(w) € 0. Consequently, nontangential paths in D are
transformed under ¢ into nontangential paths in D and inversely q.e. on 6D and 0D, respectively,
because 8D has a tangent q.e. and c. and ¢! keep sets of logarithmic capacity zero.

This work was partially supported by grants of Ministry of Education and Science of Ukraine,
project number is 0119U100421.

—Zoc-C and consequently, the function f:D — Cis in the class Cy:. (D) with a=(p—-2) /2
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3AJIAA TIJIBBEPTA 3 BUMIPHUMU JAHUMMU JIJII HATIIBJITHIVIHMX PIBHAHB TUTTY BEKYA

Busuenns 3azaui /lipixsie 3 10BiIbHUMY BUMIPDHUMU JAHUMHU JIJIs1 TADMOHIYHUX (DYHKINH B OAMHUYHOMY KoJIi D
CXONTH 10 Bigomoi auceprarii Jlysina. [Tisuinre Bexya 6y/u 1oc/IipKeHi rpaHnyHi 3a/1a4i TiIbKK 3 HellepepBHIU-
M 3a [esIbiepoM JaHUMU JUJIS y3araJbHeHUX aHAMITHYHIX (YHKIIIH, TOOTO HellepepBHUX KOMILJIEKCHO3HAYHMX

byHKIIi f(2) KOMIUIEKCHOI 3MIHHOI Z = X + iy 3 y3araJbHEHUMHU TIEPITNMI YacTHHHUMY ToXigHnMu 3a Cobore-
BUM, STKi 33JI0BOJTLHSIIOTE PiBHSAHHS BUIY 05/ +af +bf = ¢, ne mepenbadanocs, 1Mo KOMILUIEKCHO3HaUHI (DYHKITT a, b
i ¢ manexars knacy L, p > 2, y nocurb raagkux obnactsix D s C.

Jlarna poboTa MiCTUTH TEOpeMH iCHYBaHHsI PO3B’A3KiB TpaHUYHOI 3a1a4i [1b6epTa 3 OBIIBHUMEI BUMIPHU-
MU JIAHUMHU JIJI1 BIZANOBIIHUX HeJiiHiiHuX piBusinb tuiy Bekya 0-f (z) =h(z)q(f (2)). 3naiineni po3s’si3ku He €
KJIACMYHUMHU, OCKUIbKM HAIll Ii/Xij1 6a3y€eThCs Ha iHTepIpeTallil rfPaHUYHUX 3HAYCHD Y CEHCI KYyTOBUX (B3HOBIK
HEJIOTUYHUX IJISIXIB) TPAHUIIb, 1110 € TPAAUIIITHUM IHCTPYMEHTOM TeOMeTPUYHOI Teopii (hyHKIIIH, ajie He PIBHIHD
y 4acTUHHUX noxigHux. OnepxaHi peayabraTi MoKy Th OYTH 3aCTOCOBaHI 10 BCTAHOBJIEHHST TEOPEM iICHYBaHHSI
U1t rpaHnyHol 3azaui Ilyankape i, 3okpema, st 3aza4i Heiimana gy HeniniiiHux piBHaHb [lyacona Buiy
AU (z)=H (2)Q (U (z)) 3 TOBITbHUMHU BUMiPHUMHI JaHUMH BiTHOCHO JOTapHMidHOI EMHOCTI. TakuM YMHOM, BOHH
MOKYTh OYTh 32CTOCOBaHI TAKOXK /10 HATIBJIIHIHHIX PiBHIHD MATEMATUIHOI (Di3UKM T[T 4ac MOJIETIOBAHHST PI3HIX
(dismaHMX poIEciB, TakuX AK Audy3ist 3 abcopOIIieio, CTaHM MIA3MU, CTalliOHAPHE TOPIHHS i T. I. B aHI30TPOITHIX
i HeogHOPiAHKUX cepepoBuinax. OcTaHHe Oye 3MICTOM HANIKMX TTOAAIBIINX CTaTel.

Kmouoesi caosa: zpanuuna sadaua I'invbepma, sumiphi epanuuni 0aiui, 102apu@mMiuna eMuicmv, HAnieiiniini pic-
nsamnns muny Bexya, neninitini oxcepena, Kymosi epanuiyi, Hedomuuni wisxi.
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