OITIOBI/I MATEMATHUKA

HAIIIOHAJIBHOI MATHEMATICS
AKAJIEMII HAYK
VKPAIHU

https://doi.org/10.15407 /dopovidi2022.06.003
YK 517.95

0.0. Baneepa 1, https://orcid.org/0000-0003-1841-0342
0.10. Kaniii 1, https://orcid.org/0000-0002-8188-3161
0O.B. Marzga 2, https://orcid.org/0000-0002-4732-004X

1 . .
Incruryr matematukn HAH Ykpainu, Kuis

20, . . . . " . .
KwuiBcbkuii Hartionanbumii ekKoHOMIuHMI yHiBepcuTeT iM. Bagmma Tetpmana
E-mails: vaneeva@imath.kiev.ua, zhaliy@imath.kiev.ua, olena.magda@gmail.com

Kaacudikairist JiiBCbKUX peayKITiid
y3arajbHeHHUX piBHsIHb KaBaxapu 3i 3MiHHUMH KoeillieHTaMu

IIpedcmasneno unenom-xopecnondenmom HAH Yxpainu A. I'. Hiximinum

Knac ysazanvnenux pisusnn Kasaxapu 3 xoediyicnmamu, wo 3anieicamo 6i0 uacy, poszisinymo 3 CUMempIiinoi moy-
xu 30py. [posedeno kracuixauio niiecokux pedykuyiil pisHsns 3 maxozo kiacy. /Ins KoiHoz0 6Uunadxy posuupen-
Ha MBCOKOT Cumempii 6U3HAUEHO MUN MAKCUMALLHOTL arezbpu tneapianmuocmi 6i0nosionozo pienanns Kasaxapu,
106Y008aHO ONIMUMATBHY CUCTEMY 0OHOBUMIPHUX Nidanzebp MaKoi anzebpu, Kl GUKOPUCTNAHO 0N 3HAXOONCCHH S
iecokux anzauie. Buxonano pedyxuyii pisnanns Kasaxapu 0o ssuuaiinux ougepenyianonux pisusany, a maxoic no-
6yoosano desiki mouni J6CHKI ineapianmmi po3e 3.

Knrouosi croea: niiscoki cumempii, memoo pedyxuii, pienanns Kasaxapu, zpynosa kaacudixauis, mouni po3e’si3ku.
pu, peoyKuu, p pu, 2py Uts, p

Knacuune piBasinas KaBaxapu Buny

ou =0

ut + auux + Buxxx + XXXXX

6yJ10 3amporonoBaHo B 1972 p. sik Mozesb y Teopii cosiToHiB [1], mpu oMy cramy o 6yJio 3a-
(ikcoBano sk 3 /2, Tofi K B i G PO3IJISIATUCH SIK JOBLIbHI HEHYJIBOBI CTAJI, 1O BiMOBIIAI0TH
3a edpext auctepcil. [lizninre 6ysr0 3aPONOHOBAHO Psi/l y3arajabHeHb piBHsAHHSA KaBaxapu (orisij
gitrepatrypu nuB. y [2]). Hackinbku HaMm Bijjomo, piBHAHHS KaBaxapu 3 Tppoma KoedillieHTaMH,
10 3aJIeKaTh Bijl yacy, Brepiie 0yJIo posristHyTo B pobori [3], ciri 3a3HaunTu, 1o TaM He 0yJI0
OTPUMAHO BUYEPITHOI Kyacupikarii JiiBCbKUX CUMETPiii, a HaBeIeHO JIUTIIe TIeBHI BUTIAJKN PO3-
HIUPEHHS JIIIBCbKOT CUMETPI /151 TAKUX PiBHSIHD.

HuryBanug: Baneea O.0., Kaumiit O.10., Marna O.B. Knacudikartis jiiBChKUX peAYKITH y3araaTbHEeHUX PiB-
HsaHb Kasaxapu 3i sminanmu koeditienramu. Jonos. Hay. axad. nayx Yp. 2022. Ne 6. C. 3—9.
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Haitmuprmii knac ysaraipbHeHNX piBHSAHD KaBaxapn i3 3aye;KHUMU Bifl 9acy KoedillieHTaMn
CKJIA/IAETHCS 3 PIBHAHD BULY

u, +ou(t)f u, +BEU . +0(E U =0, (1)

ne [, a, Bioc — rmaaki ¢pyskiii cBoix 3minnux, nprdomy f,ofc #0. IleBHi Bunajxku posum-
PEHHST JITBCHKOI CMMETPIi, a TAKOK 3aKOHM 30epesKeHHs TAKUX PiBHIHB OYJI0 3HAIEHO B POOOTI
[4]. Tparncdopmariiiai BiaactuBocTi Kiaacy (1) BUYEpITHO OCTIIKEHO B HaIIIi il onepeHiil po6oTi
[5], me Oys0 moBeseHO, IO TIel KJIac He € HOPMATi30BaHUM, ajie MOKe OyTU MPEACTABIEHUN STK
00’€/IHAHHST /IBOX HEMEPETHHHNX HOPMATI30BaHUX ITi/IKJIACIB, BHOKpeMyeHnX ymoBamu f,, #0
i f,, =0 (cTpory Teopiio npo TpaHnchopMalliiiii BJaCTUBOCTI KJaciB AudepeHIialbHuX PiBHAHD
6yJ10 po3BHHEHO B PobOoTi [6]). ¥ poboTi [5] Takosk OyJ10 moOymoBaHO BiAMOBIIHI pO3NTHPEH] y3a-
raJbHeHi IPyNN eKBiBAJTEHTHOCTI /I7IsT 000X MiIK/IACIB 1 TTOKA3aHO, 10 ONTUMATBHIM KaTiOpyBaH-
HAM [[OBi]IbHI;IX eJIEMEHTIB € KamiOpyBaHHs O =1, iKe peasi3y€eThCst CiMeICTBOM TOYKOBHX Iepe-

TBOPEHD [ = J.a(y)dy, X =X, U =u, 3 TPYIM €KBIBAJEHTHOCTI KJjacy. be3 BTpaTu 3arajibHOCTI MU

ty .
MOKEeMO O6M€>KI/ITI/ICH JOCJIJIPKEHHAM KJIaCy

U, +f @, +BE U +E e =0, [P #0, (2)

3amicThb mumpinoro kaacy (1). [loBry kiacudikariito JiiBCbKUX cMeTpiii piBHSAHB (2) (BiAMOBITHO
(1)) 6ys0 Bukonano B [5]. [ljst Toro mo6 3aBepiMTH TPYIOBUI aHaJIi3 y3araJlbHEHUX PiBHIHb
Kasaxapu 3 koeditieHTamu, 1o 3ajaekaTh BiJ 4acy, y il CTaTTi MU BUKOHAEMO Kiacudikailito ix
JHIBCHKUX PEAYKIII i TOOYIyEMO JesIKi TOUHI PO3B’I3KIL.

JIiiBCchKi peaykitii Ta TouHi po3B’sa3ku. MeTo/ peiyKilii 3a mifaiare6paMu MaKCUMAIbHIX aJl-
re6p JHIBCHKOI iHBapiaHTHOCTI € ajnropuT™ivauM i 10o6pe Bigomum [7]. Ockinbku piBHsHHS (2)
€ (1+1)-BuMipHUMM HeJIHIHHUMY Au(epeHITiabHUMI PIBHIHHIMU 3 YACTUHHUMU TTOX1IHUMU,
JHIBCHKI PEAYKIIIi 3a JOIMOMOTO0 OJHOBUMIPHUX TTigaare6p IXHIX MAKCMMAIbHUX anreOp JiiiBChbKOi
IHBapiaHTHOCTI 3PeAYKYIOTh TaKi PIBHAHHS M0 3BUYAHUX audepenttianbanx piBHsAHb (3/[P).
1106 oTpuMaTy HEEKBIBaJEHTHI PEAYKILil, CJIiJl BAKOPUCTOBYBATH IIiajireOpu 3 TaK 3BaHOI 0nmi-
manvioi cucmemu nidanzeop |7, §3.3].

PosristneMo 3araibHuil BUIJIsL oniepaTopa JiiBebkol cumerpil Q =T(¢, x,u)d, +&(¢, x,u)d, +
+n(t,x,u)d,, KUl yTBOPIOE 0a3uC BiAMOBIAHOI OAHOBHUMIpHOI miganredpu 3 MOOYAOBAHOL
OTNITUMAJIBHOI CUCTEMH, TOJI aH3all 3HAXOAMTHCS SIK PO3B’SI30K YMOBH iHBapiaHTHOI TOBEPXHI
Qlu]l=1u, +Eu, —n=0. Ha npakruii noTpibHO pO3B’SI3yBaTH BiAIOBIIHY XapaKTEPUCTUYHY

dt dx du
CUCTEMY — = ——=—,

T & oM

Slnpom MakcumapHuX anredp JiiBCbKOI iHBapianTHOCTI piBHsHB 3 Kiacy (2) 3 f,, #0 € ox-
HoBuMipHa azire6pa (0d,.) . PosrsiHeMo o/iuH 32 OHUM yci HeeKBiBaIeHTHI PiBHSIHHS 3 Kiacy (2),
1[0 ZIOIYCKAIOTh PO3IIMPEHHsT JITBChbKOI cuMeTpii (KiJbKiCTh BUIA/IKIB Bi/lIIOBI/Ia€ HaBeeHNM Y [,
1abJ1. 1]). Y KOKHOMY BUIIA/JIKy Pa3oM i3 piBHSHHSM L; 3 Kiacy (2) My epepaxoBy€EMO BiIOBIIHY
MaKCHUMaJIbHy ajireOpy JiiBebKoi iHBapianTHocTi A™™ | 1i T!I 3riHO 3 KiIacubiKalier HU3bKOPO3-
MipHUX anre6p, HaBeaeHoo B [8], onrrumanbhy cucremy (OC) oqHOBUMIPHUX MTifasreOp, JiBChKUI
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aHsall Ta iHBapiaHTHYy 3MiHHY O, i, Hapemri, pegykosate 3/IP RL;. Y xoxxHOMY BUIIQJKy MU He
HABO/IMMO PEJLYKIIiIO 32 mifanreOGpoio (g, =0,), OCKITIbKY 1ie IPU3BOANTD JIUIIIE /IO TPUBIATbHUX
cTasnmx po3B’si3kiB. Hiskue a, p i C — noBisbHI cTasmi, A i 6 — HeHyIboBi crami, € ={-1,0,1}.

Bunamok 1. L, :u, +f (u)u, +? U+t =0,

A™ =(9,td, +xd, ) (neabenea anreGpa A, ),
OC: {{gy =9,),{gy =t0, +x9,)},

g, anzan u = (o), 16 ®=x/t,

RL,:3¢""”" +M” +f (0)¢'— ¢ =0.

Bunazmok 2. Ly :u, +f (), +Ai,,, +0u =0,

A™ =(d,,9,) (abemesa anrebpa 2A,),
OC: {(gg =9, ), (g, =9, +ad,.)},

g, : ansan u =@(w), 1e O=x—at,
RLy : 8¢+ 0" +f (9)¢'—a¢’=0.
Bunanok 3. Lg:u, +In(u)u, +B()u,.,
A™ =(d,,td, +ud,) (abemesa anrebpa 2A,),

OC: {(gg =9, ), (g3 = +a)d, +ud, )},

+6(E )y =0,

XXXXX

g3 : aHsal u —eg(p(o)) e o=t,

RL,: ¢+ 200, BlOe oo
w+a (o+a)’ (c)+a)

e 3/1P moskHa npoinTerpyBaTu:

J B(® 4o J c(m)
(0+a)? (0+a)*
w+a

do

@=exp

Bianosinnuii TouHnii po3s’a30K piBHAHHA Ly :

vt C— I B@® 4 j o) e
(t+a) (t+a)

t+a

U =exp

Bunanok 4. L, :u, +In(uu, + it +8t'u . =0,

A™ =(d,td, +ud,,td, +xd,) (amrebpa tumy A, ®A,),

OC: {(gg =0,), (g} =10, +(x+at)d, +aud,), (g = (¢ +€)d, +ud, )},
gy« amsar u =t“@(w), e 0)=%—alnt,
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0.0. Baneesa, O.10. >Kaniti, O.B. Mazoa

RL; ,:8¢"" + A" +(In@-0—a)¢ +ap=0;

X
g5 : auzai u =e'*e@(w), 16 ®=t,

2 4
RL4€:(p’+(pln(p+ ro (p3 + 80 (PS =
' w+e (w+e)” (w+¢€)

PiBusauusa RL, ., € 4aCTUHHUM BUIAJKOM piBHAHHSA RLs i Moxke OyTH IPOIHTErpPOBAHUM.
Bianosianuii Tounuii po3s’sa30k piBHsAHHA L

2 2 4qs2 2
x+C+A 8—+281n(t+s)—t +o| & 18 +308t;138 +4eln(t +e)—t
t+e 3 (t+¢)
U =exp
r+¢
Bunamox 5. Ly :u, +In(u)u, +Au, . +8u, ..., =0,

A™ =(9,,td, +ud,,d,) (amrebpa Beiinst A; )
g5 : anzal u =Q(w), 1e O=x,

RL;:8¢0""+X@” +In@e =0;
t 2
g5 : anzan u =e’@(w), ze 0)=x—;—, a#0,
a

RLs ,:8¢"" + ™ + ln(p(p’+1(p =0;
: ! p

gg . aHsai u :e?(p((n), ne ow=t,

¢In¢ +L(§+6—(g =0.
0o o o
Co’ +300” +5 | . : .
3—4 piBHSHHSA RLj ) MPU3BOAUTH 0 TAKOTO PO3B’SI3KY PiB-
®

RL; o+

Posp’sa30k @ =exp
HAHHA Ls:

((3x+C)t3+3kt2+8J
U =exp .

3t
S5p+2
Bunagox 6.1. Ly u, +u"u, +AtPu,. +3t 3 u

XXXXX :O’ p¢_17 ¢Oa
A =(d,,3ntd, +(p+1)nxd, +(p—2)ud,) (neabenena anredpa A, ),
OC: gy =09,),{ggq =3ntd, +(p+1)nxd, +(p—2)ud,)},

p-2 _p+t
O 1 ansai u =t 3" o(w), e o=xt 3,
RL6‘1 :8(p/1///+}\‘(p///+(pn(p/_p;_1(l)(p/+p3_2(p=O
n
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Bunamnok 6.2. L, :u, +u"u, +M 'u, +8'u, . =0, n#0,

A" =(9,,ntd, —ud,) (abenesa anrebpa 24,),
OC: {{gy =9, ),(ggo =ntd, +ad, —ud,)},
1

— a
g6 o amsai u=t "e(m), 1e ®=x—-—Int,
n

V4 7’ n ’ a 4 1
RLg 5 : 30"+ 0@ + ¢ (p—;(p —;(p:O.
5

—
Bunanox 7. L- :u, +u"u_+Ae'u.. +8e3 u =0, n=0,
7 t x XXX

XXXXX

A™ =(d,,3nd, +nxd, +ud,) (neabenena anrebpa A,),
OC: {gy =9,),{g; =3nd, +nxd, +ud, )},

t t

g; © aHsam u =e3np(w), 1e m=xe 3,

RL;: 8(p””’+k(p"'+(p"(p’—10)(p’+i(p =0.
3 3n
5p+2

Bunanox 8.1. Lg  :u, +e“u, +AtPu,, +8 3 =0, p=-1,

uxxxxx
A =(9,,3td, +(p+1)x0d, +(p—2)9,) (neabesnena anrebpa A,),

OC: {gy=9,),(gg1=3t9, +(p+1)x9d, +(p—2)d,)},
_ _p+
Og (@ AH3aI[ u=(p((o)+%lnt, ne o=xt 3,

RLg :8(p""'+k(p"'+e¢(p'——p;1(o(p’+—;2 =0.
Bunanok 8.2. Lg »:u, +e“u, +Mt 'u  +8t 'u,_ . =0,

A™ =(d,,td, —d,) (abenesa anrebpa 24, ),
OC: {(gy=0,) (g » =td, +ad, =9, )},
gg o : ansai u =@(w)—In¢, ne o=x-alnt,

RLg 5:8¢"" +Mg” +e®@ —ap’-1=0.
5

. t
Bnna/]ox 9. Lg U +euux +Ae Uprx +863 U = O’

A" =(d,,30, +x0, +9,) (1eabeneBa anrebpa A, ),
OC: {gy=9,),(gg =39, +x9, +9,)},

g9 : aHsal u = (p((o)+%, ne mzxe%,

RL, :8(p"”'+7»(p”'+e“’(p'—%m(p’+%=0.

Penykiii, Bukonani y Bunazakax 2, 6.1, 6.2 1 7, cipaBeyinBi tTakosk st Bunanky f (u)=u (abo
n=1). 3rigno 3 [2], ne 1eit BUMagoK OyJI0 AeTanibHO JOCTIKEHO, MU HABOJIMMO TPHU J0JATKOBI
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HEeKBiBaJIEHTHI PelyKIlii PIBHSIHD

Uy +utly + BN +0( My =0, Po#0, (3)
JUJIsI [IOBHOTH OJIepKaHUX Pe3yJIbTaTiB.

x . .
Anzan u = (p((o)+t—, ne o=t, nobynoBanuii 3a gornomoroio miganrebpu ((¢ +a)d, +9,)
+a

peaykye pisusnus (3) no 3JIP nepuroro nopsaaky (o+a)@ +¢@=0. Moro poss’sizok ¢=
w+a

x+C .
MTPU3BOJIUTD JIO TaK 3BAHOTO “BUPOJKEHOTO” PO3B'A3KY U = . piBasTHHS (3).
+a

Amzart u=2t /a+@(w), 1e ®=x—t>/a, a#0, oTpuMaHo 3 mizanre6pu (ad, +2td,+29,),
pelyKy€ PiBHSIHHSI

U, +un, +A g +0U o =0,
10 3IP 39"+ " +0¢'+2 /a=0.
OcTaHHiil BUIIAJIOK CTOCYETHCS PIBHAHHSI
y p
1 3

2 9 _3varctant 2 9 _5varctant
u, +uu, +A(t"+)%e Uy O H)%e Uy =0, (4)
varctant —varctant
. Xt xe .
Jle V. — JIOBiJIbHA cTasia. AH3all U = 2—(p(co)+2—, e 0= —m——, o0y I0BaHMIT 3a J10-
V2 +1 t°+1 V2 +1

nomoroio miganrebpu {(t? +1 )0, +(t +v)x0d, +(x+(v—t)u)d,) peaykye piBusauusa (4) no 3/1P
3" + A" +(@—vO) +vo+®=0.

Ortke, kimacudikailito HeeKBiBaJIEHTHUX JIITBCbKUX PeAyKINi piBHAHD (2) (BignosigHo (1))
3aBepireno. OTpuMaHi peayKIlii TaKoK MOXKYTb Oy T BUKOPHUCTaHI 11 PO3B’sI3aHHS BiZTIOBITHIX
iHBapiaHTHUX KpaiioBux 3ajau (auB. [9, 10]).

Po6omy euxonano 3a niompumxu zpanma HAH Yxpainu (H/IP Ne 0121U110543) ma cmunen-
0ii imeni axademixa b.€. [lamona ons morooux euenux HAH Ykpainu.
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CLASSIFICATION OF LIE REDUCTIONS
OF GENERALIZED KAWAHARA EQUATIONS WITH VARIABLE COEFFICIENTS

A class of generalized Kawahara equations with time-dependent coefficients is studied from Lie symmetry point
of view. A classification of Lie reductions of equations from this class has been carried out. For each case of Lie
symmetry extension, the type of the maximal invariance algebra of the corresponding Kawahara equation is
determined, and the respective optimal system of one-dimensional subalgebras is found, which are further used
to construct Lie ansatzes. Lie reductions of Kawahara equations to ordinary differential equations are performed,
some exact Lie invariant solutions are also constructed.

Keywords: Lie symmetries, reduction method, Kawahara equations, group classification, exact solutions.
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