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3BaskeHi mceBn000ePHEH] MaTPHIL
3 iHAePiHITHUMU BUPO/IKEHUMH BaraMu

IIpedcmasneno axademivom HAH Yipainu O.M. Ximivem

Jocnioaceno seanceni ncesdoobepmeni mampui 3 6UPOOHCEHUMU 3HAKOHCGUSHAUEHUMU 6azamu. Busnaueno neobxioni
i docmammi ymoeu icnyeanns ma e0unocmi yux mampuys. Hasedeno osnauenns ssaxcenux ncesdoobdepnenux ma-
mpuyp 3 iHdeDinimuumi BUPOONCEHUMU BAZAMU 6 MEPMIHAX KOeDIUIEHMIE XaAPAKMEPUCTIUUHUX MHOLOUILeHIE M-
mpuyb, wo cumempusyromovcs. Ompumano Po3CUHEHHL 36ANCEHUX NCEBO00OEPHEHUX MAMPULDH 13 SMIUAHUMU 8a2a-
MU 8 Mampuuni cmenenesi psaou i 000YmKU, 2panuyuni 300PANCCHHS UUX MAMPULD.

Kntouoei cnosa: ssaiceri ncesdoobepreni mampuii, 642061 MAMPUYL, MAMPUYL 3 THOCDIHIMHUMU T BUPOONCCHUMU
sazamu, Mampuuni cmenenesi psaou i 006YymKu, epaHuini 300PaNCeHHs MAMPULD.

BusHaueHHs 3BasKeHOI IICeBI00OEPHEHOI MATPUIIi 3 JOAaTHO O3HAYEHUMU BaraMu BIepiie 6yJio
HaBe/ieHO B po6oTi [1]. ¥V [2] BBeseHO MOHATTS KOCOI TiceBnoobepHeHoi MaTpuili. B [3] mokasa-
HO, TI[0 MHOKIHA 3BaKEHUX TICEBI00OEPHEHNX MAaTPUIlh, BUBHAYEHUX B [ 1], 30iracThest 3 MHOKM-
HOIO KOCHX TICEBI000EPHEHNX MATPUIlh, BU3HaueHuX B [2]. Y [4] HaBe/eHO BU3HAYEHHST 3BAsKEHOT
1CeB00OEPHEHOT MATPUIli 3 BUPO/UKEHUMHU Baramu (3 J0[aTHO HaliBBU3HAYECHUMH BarOBUMU
Marpuirsivu ). Tam jke BUBHa4eHO HeoOXiIHi i JoCTaTHI YMOBY iCHYBaHHSI PO3IJISTHYTOTO BapiaHTa
1ceB000EPHEHNX MATPHIIh i3 BUPOKEHUMHU Baramu. Y poOoTi [5 Ta iH.] mocsiaskeHo iHTm Bapi-
AHTHU IICeBA00OEPHEHX MATPUIIb 13 BUPOIKeHUMU Baramu. Y [6] BBegeno nousarts ML-3BakeHol
niceB000epHeHol MaTpulli. Y [7] 3a3HaueHO yMOBH iCHYBAHHS 3BaKEHUX TICEBI00OEPHEHIX Ma-
TPUILb i3 iHAehIHITHIMI HEBUPOKEeHNMEU Baramu. Pobora [8] npucBsiuena 1o yKeHHIO 3BakKe-
HUX TICEB000EPHEHNX MATPUIlh 13 HEBUPO/KEHNMI 3HAKOHEBU3HaUYeHUMK Baramu. Y [9] otpu-
MaHO 300pasKeHHST 3BaKEHUX TICEBA000EPHEHIX MATPUILh 31 3MINTAHUMK BarOBUMU MaTPHUIISIMU
uepes tniceBnoobepreHi matpuii Mypa—Ilerpoysa i uepes inmi niceBnoobepreni marpuiii. B [10]

I[[utysauus: Ceprienko 1.B., Ximiu O.M., Bapeniok H.A. 3BakeHi mceBnoobepHeHi MaTpuili 3 iHaediHiTHUME
Bupokennmu Baramu. fonos. Hay. axad. nayx Yip. 2022. Ne 6. C. 17—27.
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HaBe/IeHO PO3BUHEHHST 3BAyKEHIX TICEBI00OEPHEHNX MAaTPHIIh 31 3MINIAHUMH BaraMu B MaTPUYHI
crerneHeBi psau i 100yTKU. Briius 30ypeHHsT BUXITHUX JAHUX Ha PO3B’S3KHU 3aj1a4 OOUNCJICHHST
3BAKEHUX HOPMAJIBHUX TICEB/IOPO3B’SI3KIB 3 I0/IaTHO O3HAYEHNMHU BaraMu TpoaHasiizoBano B [11].
B [12 Ta in.] po3ryissHyTO 3BaskeHe CUHTYJISIPHE PO3KJIQ/IaHHS KBAHTEPHIOHHOI MaTPHIII.

Y 1iif cTaTTi BUSHAYAETHCS H TOCII/IKYETHCS 3BasKeHa MCeB1000epHEHA MATPUIIS 3 BUPOJIKE-
HUMW 3HAKOHEBU3HAYEHNMU BaraMu.

[Tosnaurmo R” n-BUMIipHMIT BEKTOPHUI ITPOCTIP HAJI TOJIEM AICHUX YHCEI, 1€ BEKTOPH CYTh
Matpuiii poamipy nX 1. Hexait H — cumeTpudHa 10/IaTHO O3HAYEHa, I0IaTHO HalliBBU3HAYEHA, 200
K 3HaKOHeBHM3HauYeHa MaTpulid. B R” BBeneMo ckaasgapHuii 100yTOK 3a (hopMyIo0

(w,0)y =(Hu,v);,

ne (u,0); =u'v , I — opuHnymna Marpuid. Jdxio Merpuyta Marpuilst H pogatHo o3HayeHa abo
JI0IaTHO HaTliBBM3HAUEHA, TO 3BMYANHIM YMHOM MOKHa HopMmyBaTtu mpoctip R, moxmasmm
||u||H = (u,u)%Z. Y mepmomy BUNaAKy OyHKITiS ||u||H Oy/le BU3HAYATH HOPMY, a B PyTOMY — Ha-
MiBHOPMY.

Busnaunmo 3BaskeHy HOPMY MPSAMOKYTHOI MAaTPUIIi i3 CUMETPUYHUMU HEBUPOKEHUMU Ba-
rosumn Marpuiimi. Hexait Ae R™" a H=HT e R™" i V =VT e R™" — nuesupomkeni Ma-

Tpuili. /[719 MHOXKUHM MaTpUIlh A HOpMY BBEIEMO CITiBBiIHONIEHHSIM

|aval,,. |HAV], (VATH?AVx, x)]”

Al =sup =sup =sup o
” ”HV 40 ”x”In ¥20 "x”ln x#0 ”x"[n ,

ne xe R", a HWKHIN iHIEeKC IPU OAMHUYHIN MaTPULl 03HAYa€ 11 MOPSIOK.
¥ [8] nokasano, mo ¢ysxiig (1) € axutuBHOIO (y3araJbHEHOI0) MATPUYHOIO HOPMOIO, sTKa
BU3HAYAETHCS 32 (POPMYJIO0

”A”HV :[xmax (VATH2AV)]1/27 (2)

ne Ay (L) — MakcuMasbHe BacHe 3HaYeHHs MaTpuili L.

I3 (2) BunmmBae, monpu H =1,,, V =1, dynkuia (1) BusHavae 3Bu4aiiny ClieKTpaibHy HOP-
My MaTpuiti A.

Hexait Ac R™™ a H=HTe R™™ iV =V' e R™ — supomxeni marpui. [Ipumyckae-
MO, 1110 BUKOHYIOTbCS YMOBH

rank (HA) =rank (A), rank(AV)=rank(A). 3

ITokaskeMo, 110 y pasi BukoHamus yMoB (3) panru matpuins VAT H 2AV i A s6iraiorbest. He-
xail rank (A)=r . Ha mizcrasi nepiiroi ymos# 3 (3) Maemo

rank (AT H2A) = rank {(HA) HA}=r .

Bukopucrosytoun HepiBhicTh @pobeniyca [13] i HepiBHICTH AJIsT paHTiB JA00YTKY MaTpHIlh,
OJIEPKNIMO
rank (VAT )+ rank (AT H2A) < rank (A7) + rank (VAT H? A) < 2rank (A),
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3eadiceni ncesdoobepreri mampuyi 3 iHOeQIHIMHUMU BUPOONCCHUMU 6a2AMIU

3BIZIKM Ha TTi/ICTaBi OCTAHHBOI PIBHOCTI i APYTO1 yMOBU B (3) MaEMO
rank (VAT ) =rank (A) <rank (VAT H?A) <rank (A),
TOOTO
rank (VAT H?A)=rank (A) .
3 inmoro 60Ky, Ha ocHoBi HepiBHOCTI Dpobeniyca
rank (VAT H?A)+rank (AV ) <rank (A)+rank (VAT H?AV),
3BIJIKH, BPaXOBYIOUH JIPYTY YMOBY B (3) i OCTAaHHIO PiBHICTh, MAEMO
rank (VAT H?AV ) =rank (A), (4)

110 ¥ TOTPiOHO GyJI0 TIOKA3aTH.

Marpuist VAT H 2AV € cuMeTpudYHOIO 10aTHO HaliBBH3HAYeHO0. Hexail BUKOHYETBCS YMO-
Ba (4). Toni HeHyIbOBA MATPUIIS VATH?AV y pa3i BUKOHaHHS YMOB (3) Ma€ He TiIbKU HYJIbOBI
BJIACHI 3HAUEHHS, 1 3 ypaxyBaHHsM (2) MaTpruHa HopMa (1) 3a710BOTBHSIE TIEPITy aKCiOMY MaTpU4-
HUX HOPM. AHAJIOTIYHO TOMY, SIK Tie 3p00JIeHO B [8], U151 3BasKeHUX MaTPUYHKUX HOPM 3 iHediHiT-
HUMU HEBUPOJIKEHUMU BaraMu, MOJKHA TI0Ka3aTH, 1110 Y BUIIA/IKY BUPOJI)KEHUX BariB BUKOHYIOTbCS
11 THIIT akCcioMW MaTpUYHUX HOPM (KPIM KiJbIleBO1 BaacTuBOCTI ). OTxKe, Mae Miciie Jema.

Jdema 1. Hexaii Ae R™" g H=HT e R™™ iV =V € R™ — gupodaceni mampuyi ii éu-
konyromvcst ymosu (3). 100i pynxuyis (1) € adumuenoro (y3azanvreroro) MampuyHo HOPMOr.

Jlerko 6aunTu, 110 yMOBH (3) € He TiJIbKY J0CTATHIMU, ajie i HeoOXiAHUMMU.

OTpuMaHO Taki CIiBBIIHOIIEHHS /IJIs MATPUYHUX HOPM.

Jlema 2. Hexaii Ac R™P, Be R”" , a He R™™, VeR"™, MeRPP — cumempuuni u-
Pooiceri mampuii il BUKOHYEMbCS 00HA 3 YMOB

AMM}; =AM;;M =A, MM};B=M}MB=B,

mMooi Maromv Micye cnieeioHOULeHHs.

4By <[Alaar 1Bl - WABly <Ml [Blury

de M}, — ncesdoobepnena mampuys Mypa—Ilenpoysa 0o mampuyi M.
Jlema 3. HexaitAe R™" ,a Be R™" ii C;; e R™" — gupodiceni snaxonesusnaueni cume-
MPUUHT MAMPUYL U BUKOHYIOMBCS YMOBU

rank (A" BA)=rank(A), rank(AC}A")=rank(A),

modi paneu mampuup Ai AT BACHA" s6izatomucs.

J11st MoBeIeHHST TEOPEMU ICHYBaHHSI €/IMHOI 3BaKeHOI 1ceB1000epHEHOT MaTpuIli 3 iHgxediHiT-
HUMU BUPO/KEHUME BaraMi BUKOPUCTOBYBAJIOCS TaKe TBEP/KEHHS [I].

Jlema 4. Hexaii ons xeadpammuux mampuus K, L, M suxonyromocs ymosu KM = MK, LM = ML.
Todi 3 pisnocmi KM 2=LM? sunmusace pisnicmv KM = LM.

Busnaummo MaTpuiti, 110 CUMETPU3YIOTHCS 0ATHO HAITiIBBU3HAYEHUMHU CUMETPU3aTOPaMU.
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Osuauenns 1. Ksagparay matpuirio U Ha3nBaTIMEMO TaKOIO, 110 CUMETPHU3YETHCS 37TiBa a00
clipaBa 3a JIONOMOT0I0 CUMETPUYHUX JIOJIATHO HalliBBU3HaUeHUX MaTpullb M i N, SKIIO BUKOHY-
I0ThCA BIJITOBITHO YMOBH

MU =U"M, rank(MU )=rank (U );
UN =NU"T, rank(UN)=rank ().

Y HusIi pobiT BUSHAYAINCS MATPHIL, SIKi CHMETPU3YIOTCS, 1 BUBYAJINCST X BJIACTUBOCTI. SIK
CHMETPHU3aTOPU B OCHOBHOMY BUCTYIIAIOTh JOATHO O3HAYEHI MaTpwili, a B podorax [14, 15] Bu-
Buanucs H-cumerpuuni matpuiti, e H nepeabayaeTbest €pMITOBOIO 200 CUMETPUYHOIO HEBUPO-
JUKEHOIO 3HaKOHEeBU3HAYEHOI0 MaTPUIIeIO.

O3snauenns 2. Matpuiio (, 1110 BU3HAYAETHCS PIBHICTIO QTH Q =1, ne H — cumeTpuyHa ioat-
HO O3HAYeHA MATPUILS, HA3UBATHMEMO H-3Ba;KEHOIO0 OPTOTOHAIBLHOI0 00 OPTOTOHAIBHOIO 3 Baroio H.

Osnauenns 3. Matpuio Q, o Busnavaersesi pisuictio QT HQ = I(H) , ne H — cumerpuuna
JIOJIATHO HAITiBBBU3HAaYeHa Matputis, [(H) — marpuiis inepitii st H, HazuBatumeMo H-3BaxKeHOI0
TICEBIOOPTOTOHATIBHOTO 200 TICEBI0OPTOTOHAIBHOIO 3 Baroio H.

B [13] Bu3HaueHO YMOBH, 32 IKUX MaTPUISA-I00YTOK IBOX €PMITOBUX MaTPHUIlh Oy/ie MaTpu-
11e10, JKa JIiaroOHaI3Y€EThCs (€ MaTPUIlEIo MPOCTOi cTPYKTYpH ). ChHopMyTioemMo 1iell pe3yJibTaT y
BUTJISII JIEMU JIUIsT TOOYTKY JIBOX CUMETPUYHUX JAIHCHUX MAaTPHUILb.

Jlema 5. Hexaii Ai B — cumempuuni mampuyi, npuvomy oona 3 mampuib dodamio osnavena. 100i
enacti snavenns mampuui AB cymw diiicni wucaa, npu ypomy mampuus AB mae npocmy cmpyxmypy.

JLJ1st TOa/IbIIOTO OCIIIKEHHS 3BasKEHUX 1ICeBI000EPHEHNX MATPHIlh, a caMe JIJIs iX PO3BU-
HEHHsI B MATPUYHI CTEIIeHEB] PsI/IN il MATPUYHI cTereHeBi T00YTKU, BaXKJINBE 3HAYEHHST MaTHMe
TakKa Jiema.

Jlema 6. Mampuuys L e R™", axa cumempusyemocs 3niea 000ammo nanieeusHauenum cume-
mpuszamopom H € R™" | 3a suxonanns ymosu

HjHL=L

3600umucst 0o diazonanvroi popmu 3a donomozoro G-36axcern020 OPMOZOHANLHOZ0 NEPEMBOPEHHSL,
mo6mo icnyromv maxi neeupoodaceni mampuuyi Ui G,

U'GU =1,
o

UTGLU =A, UTHLU =A, (5)
a mampuys L 300paxcacmocs y euznsoi

L=UAU'G, (6)

de G =QD?Q" , Q — opmozonanvia mampuysi, sixa diazonanizye mampuyio H, moémo QTHQ =@,
®=DI(H)D =diag(®;), ¢, 09,... ¢, >0, ©, (,...0, =0 — gracui snauenns mampuyi H, r —
panz mampuuyi H, D = diag (+\/¢T v +400,, 1, D), I(H) — mampuys inepyii s H. Cmoenuyi ma-
mpuyi U ymeopioomsv JiHIlIHO HE3aNeHCHY cucmemy 6lachux eexmopie mampuui L, a diazonanvmi
eslemenmu mampuyi A € 6I0noGI0HUMU BACHUMU 3HAUEHHAMU Mampuyi L.
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Hacainox 1. Hexaii F =L +0I , de mampuys L 3adosorvisie ymosu iemu 6, a & — uucnosuil
napamemp, mooi mampuys F 6yoe cumempusosanoio snisa cumempusamopom H i popmyau (5), (6)
onst mampuyi F nabyoyms euzisdy

UTGF'U =(A+8D)F, UTHF*U =(A+81)*, F¥ =U (A+3D*UT G, k=1,2,..,
a 05 sunaoxy nesupoodicenoi mampuui F maemo
UTGF™U =(A+81)*, UTHF*U =(A+81)*, F* =U(A+8])*UTG, k=1,2,.,

de mampuui G, H,U susnaueno 6 iemi 6.

Hacninok 2. Hexaii mampuys Le R™ sadosonvuse ymosy LH;H =L ,modi L =LG™'H , de
mampuuyi G, H susnaueno 6 nemi 6.

Jema 7. /lns dosinvnux mampuyp (P +81)* € R™ | W e R™™ i diticnozo uucia —oo < §< oo
MAE MICUe MOMOICHICMDb

n—1 2"
[T+8" P+30)y Oy +dly'w =3 8" (P+31) "W, n=1,2,....
k=0 k=1

Jema 8. /L5 dosinvrux mampuyp (L +81)* € R™™ | M e R™™ i diiicno20 uucia —eo < §< oo
MAE MICUEe MOMONCHICMD

n—1 2"
M (L+31) T e +8" (L+31)y =M ¥ 8 (L +81)*, n=12....
k=0 k=1

PosriigHeMo nuTaHHs icHyBaHHS Ta €MHOCTI PO3B 3Ky CUCTEMU MaTPUYHUX PiBHSHb.

Hexait Ae R™", X e R™™ a Be R™" i Ce R”" — cumerpuuHi 3HaKOHEBU3HAYEH] BH-
POKeHI MaTpUIli. 3BasKeHy IceBL000epHeHy MATPUIIO 0 MATPUILI A BUSHAUMMO K MAaTPHILIO,
1110 32/I0BOJIbHAE CUCTEMY MAaTPUYHUX PiBHSAHb

AXA=A, XAX=X, (BAX) =BAX, (CXA) =CXA. (7

BcranossieHo HeoOXiHI i 0CTaTHI YMOBH iCHYBaHHSI €IMHOTO PO3B’I3KY CUCTEMU MaTPHUY-
HUX PiBHsHD (7), a TAKOK OTPUMAHO 300pakeHHs 3BasKEHOI 1ceBo00epHeH0l MaTpuIl 3 iHxedi-
HITHUMU BUPOJKEHUMU BaraMu B TePMiHax KOe(illiEHTIB XapaKTePUCTUYHUX MHOTOUJIEHIB Ma-
TPHILb, 1110 CUMETPU3YIOTHCSI.

Teopema 1. /[ns mozo w6 cucmema (7) mana edunuii pose’ssox X = Aj , neobxiono i do-
Cmammvo, w0 UKOHYBAIUCS YMOBU

rank (A" BA)=rank(A), rank(AC/A")=rank(A), AC;,C=A, (8)
npuwomy mampuyo Agc , wo 3adosonvusie (7), (8), moxcna sanucamu y uzisoi

Ape =CHSATB, 9)
de S =f(ATBAC},) — mnozounen 6io mampuyi A" BAC;, euznsoy

S =—0; [(ATBAC; Y+ 0 (ATBAC Y 2 4+, ], (10)
ISSN 1025-6415. [lonos. Hay,. axad. nayx Yxp. 2022. Ne 6 21
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o,,p=1..,n — Koepiyienmu xapaxmepucmuunozo MHO20UIeHA f()=det[M -ATBA Chl, a
oy, — ocmannitl, eiMminnuil 6i0 Hyas Koeiyicum upozo mnozounena, Cj; — ncesdoobepnena ma-
mpuus Mypa—Ilenpoysa oo mampuui C.

Hacuainoxk 3. 3sascena ncesdoobeprena mampuys i3 3HAKOHEBUSHAYEHUMU BUPOOHCEHUMU BA-
2aMu, Wo 3anUCyemvcst cucmemoro mampuunux piensuo (7) sa euxonanmus ymoe (8), moxce 6ymu
MAKoNHC 3aNUCaAna y makomy euzisioi:

2o =8SChA"B=C},A"BS,=C};A"S,B,
de S, S, S5 — MHOzOUNEHU 610 MAMPULD, WO CUMEMPUIYIOMBCSL:
S =—a;' [(CHLATBAY ™ + 0, (C/LATBAY 4 v o, ],
Sy =—0; [(ACHATBY ! 40 (AC/,ATBY 2 4 oI,
Sy == [(BACHAT Y v o (BACHAT Y2 4y, ].

Hacninok 4. I3 (9), (10) sunausae, o indenomenmui mampuyi Aj A it AA , axi cumempu-
SYIOMbCL, MONCHA 3ANUCATNIU I MAKOMY BULNAOL:

As A=CSATBA=f(C;ATBA)Y=—0;' [(C;;ATBAY" +

+o, (CHATBAY v, (CHATBA)],

AAje =ACHSATB =f(AC[A"B)=-a;' [(AC[;A"B)! +

+o (ACHLATBY o va, , (ACSATB).

Hacninok 5. 13 (9) eunusatomv pisnocmi A" BAAS. =A"B, A} ACHAT =CJ A"

Hacunizok 6. Y pasi rank (A) =1 maemo gopmyny Ahe =[tr(ATBAC;)|'C; A" B ons 06-
YUCTEHHS 36ANCEHUX NCEBO00OEPHEHUX MAMPUYD 31 SHAKOHEBUSHAUEHUMU BUPOONCEHUMU BAZAMU,
de tr(L) — cuid mampuui L.

3aysancenns 1. Binguauumo, mo B [5] ycranosieno, mo rank (BA)=rank(A4), AC;C=A
€ HeOOXITHUMU i JOCTaTHIMYM YMOBaM¥ iCHYBaHHS €INHOTO PO3B’SI3KY CHCTEMU MATPUYHUX PiB-
HsHb (7), KOoJI1 BaroBi MaTpuIli JI0JIaTHO HalliBBU3HAUECH].

Po3ryisiHeMo J1Ba BUMAAKKM 3BAKEHUX TICEBIO0OEPHEHUX MATPHUIlh i3 BUPOIKEHUMU CHMe-
TPUYHUMU Barami, a came: 1) marpuirst C 01aTHO HalliBBU3HAYEHA, @ MATPUILST B — 3HAKOHEBU3-
HavyeHa BUPOJKEHa; 2) MaTpuild B mogaTHo HanliBBU3HAYeHa, a MaTpuils C — 3HAKOHEBU3HAUYEHA
BUPOJIZKEHA.

I3 Teopemu 1 i 3ayBaskenHs 1 119 BKa3aHUX BUIIE MATPUIb BUTLIMBAIOTH TBEPI>KEHHSI.

Teopema 2. Hexaii y cucmemi mampuunux pisusin (7) mampuys C dodamno naniesusnavena,
a mampuus B — snaxonesusnauena eupooixcena, mooi, wo6 cucmema (7) mana eOunuii po3e’si3ox
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X= Aérc , He0OXI0HO 1 docmamibo, Wob BUKOHYBANUCS YMOBU
rank (AT BA)=rank(A), AC}/,C =A, (11)
NPULOMY MAMPUYSL Agc , sika s3adosonvnsie (7), (8), mosce bymu 3anucana y euzisioi
Ape=C;SATB,
de S =f(ATBAC},) — mnozounen 6io mampuyi A" BAC;, euznaoy
S =—a; [(ATBAC;, )+, (ATBAC ) 2+ + 0, 1],

o,, p=1..,n— xoepiyicnmu xapakmepucmuyrHozo MHOZOUIEHA J(A)=det[A] ~A"BA Chl, a
o, — ocmanniii, 6i0minnutl 6i0 nyis Koedivienm upozo mrozounena, Cj; — ncesdoobepnena mampu-
us Mypa—Ilenpoysa do mampuyi C.

Teopema 3. Hexail y cucmemi mampuunux pisusans (7) mampuys B dodamno naniesusnauena,
a mampuys C — 3naxonesusnauena eupooxcena, mooi, w06 cucmema (7) manra e0unull poss’s3ok
X = Abe , neobxiono it docmamivo, w6 6UKOHYEANUCA YMOBU

rank (BA) =rank(A), rank(AC;;A")=rank(A), AC;,C=A, (12)
NPULOMY MAMPULHO Agc , 10 3adosonvisie (7), (8), moxcna sobpasumu y 6uzindi

Ape =CHSATB,
de S =f(ATBAC},) — mnozounen 6io mampuyi A" BAC;, euznaoy

S =—0; [(ATBAC; Y+ 0, (ATBAC Y 2 4+ oy, ],

o,, p=1..n— Koepiyienmu xapaxmepucmuunozo MHozouIEHA J(A)=det[A] ~ATBA Chl, a
o, — ocmanmiil, GIOMINHUIL 610 HYS KOeDiuienm 1020 MHOZOUTeN, C}; — ncesdoobepnena mampu-
us Mypa—Ilenpoysa do mampuui C.

Jlauti 6yeMo posrisiiaT CUCTEMY MaTPUYHUX PiBHsIHB (7) 32 BUKOHAHHS YMOB

" BA=A, rank(ACHAT)=rank(A), AC;C=A, (13)

TOOTO, TIepina ymoBa B (12) 3amineHa Ha GiJIbIIT JKOPCTKY YMOBY, 3 IKOT OY€BH/IHIM YNHOM BUTLIIH-
Bae repina ymona B (12).

HagenieMo po3BrHEHHS 3Ba)KEHUX TICEBA000EPHEHIX MATPUIlh 31 3MIlIAHUMU BaraMi B Ma-
TPUYHI cTereHeBi psau i MaTpuuHi crenenesi 100yTkU. CrOYaTKy PO3IJISTHEMO BUIIAI0K, KOJIU
marpuiist C — 0[IaTHO HalliBBU3HAY€Ha, a B — BUPOJKeHa 3HAKOHEBU3HaUY€eHa, TOOTO PO3BUHE-
HHS 3BaKEHUX ICEBJO0OEPHEHNX MATPHUIlh, 1O 3a[0BOJILHSIIOTH CHCTEMY MATPUYHUX PiBHSHD
(7) 3a Bukonanus ymos (11). Takuii Bubip 3BaskeHMX 11CeBA00OEPHEHUX MAaTPUIb 0OYMOBJIEHUI
TBEP/IKEHHAM JieMu 6 1 i1 HacTiIKiB.

Teopema 4. /{15 dosinvroi mampuyi A #0e R™" | cumempuunoi snaxoneeusnauenoi 6upooice-
noi mampuyi B e R™™, cumempuunoi dodammno naniesusnauenoi mampuyi C € R™" 1 diticnozo
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1 . o
yucaa 8, mo sadosonvisie ymogy 0 < |8| < 5 w(c ;}ATBA) , MAOMb MiCUe CnieeI0HOULEHHS

e =Y 8 (CHATBA+SEY FCHATE | (14)
k=1
HA BC A?Sp 12y |6|p (“‘(CH TBA)_|6|)_p Cllgyzy (15)
de ABC — 3sadcena ncesdoobeprena mampuus, wo 3adosorvrae ymosu (7), (11), Ag b=
_zsk NCHATBA+SEYFCHATB,  p=12,., p(L)=min{\|:A=0ec(L)}, \; — anacui sua-

k=1
uenns mampuyi C;; A" BA, mampuys G eusnauena ¢ nemi 6, V=V" e R™" — Gydv-sxa neeu-

PoOICeHA MAMPUUSL.

3a BUKOHAHHS MPUTIYTIEHb TeopeMu 4 Ha mijictasi emu 7 1 hopmyau (14) MaeMo Take po3Bu-
HEHHsI 3BaKEHOI TICEBI000EPHEHOI MATPHII 31 3HAKOHEBU3HAUYEHOIO CUMETPUYHOIO BUPO/KEHOIO
Barosolo Matpuneo Be R™™ i gomatHo HaniBBusHaueHoio mMarpuieio Ce R™M y MaTpUYHU
cTereHeBuil 10Oy TOK:

Ape =T U 1% (CHATBA+8IYOV(CHATBA+SI)'CLATB .
k=0
— ot T 2t T 1 T
Mosnaunmo Az, =[] I +8” (C/ATBA+3I)y * )W C/A"BA+3I)'C;A"B ,n=1.2,... Toni
k=0
Ha TmijgcTtasi Jemu 7 i ominku (15) oxep:RuMO

[5c =48] ., <8 @(c;a”BA)

GV2y C GV2y (16)

3 ominku (15) Bumumsae, 1mo aas 6yab-saxoro p = 1,2,... MaeMo Take TpaHWUHEe 300paskKeHHS
3Ba’KeHOI IICeBI00OEPHEHOT MaTPHIIL:
A =lim ZSk YCHATBA+SIY*CHATB, (17)
a 3 ouinku (16) pis 6yab-sikoro n = 1,2,... MaeMo

n—1
A = yn%]‘[ (1482 (CHATBA+81)y @) (CHATBA+8IY'CHATB . (18)
“Yk=0

Posrignemo Bumnajiok, koan matpuilsi C — BUPO/KeHA 3HAKOHEeBU3HAUeHa, a B — momaTHO
HalliBBU3HAYeHa, TOOTO OOIPYHTYEMO PO3BUHEHHST 3BAKEHUX TICEBIO0OEPHEHNX MATPHUILb, IO 3a-
JIOBOJTbHAIOTh CUCTEMY MAaTPUYHUX PiBHAHD (7) 32 BUKOHAHHS yMOB (13).

. . . mxn . . .

Teopema 3. /s dosinvnoi mampuuyi A#0€ R™ | cumempuunoi dooammno nanissusnauenoi

. mxm . . . . nxn . .«
mampuyi Be R™, cumempuunoi snaxonesusnauenoi supooacenoi mampuui Ce R i diticnoeo
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1 . .
yucaa O , wo 3a0osonvise ymogy 0 < |8| < EM(A C ;}ATB) , MAOMb MiCUe CNiBEIOHOULEHHSL

b =Y 8 chATBACHATB I, (19)
k=1
[45c =45, ], <P cacia™BY=I8) 7 [Azc |, o (20)
Oe Agc — 3eadcena ncesdoobepnena mampuus, wo 3adosoivise ymosu (7), (13), Ag p=
p
= z&k_iC;}ATB A C}}ATB +5[)_k, p=12.., W(L) eusnaueno ¢ meopemi 4, A — eracui sna-

k=1
uenns mampuui ACHA"B | mampuuo G eusnaueno 6 nemi 6, H =H" € R™" — 6yov-saxa nesu-

PpooKcEeHa Mampuys.

3a BUKOHAHHS IIPUITYIIEHb TeopeMu S Ha 1micTai temu 8 1 hopmysu (19) Mmaemo Take po3Bu-
HEHHsI 3BayKEHOT TICEBI000EPHEHOI MATPHUILi 3 I0/IaTHO HAITiBBU3HAYEHOIO CUMETPUYHOIO BarOBOIO
marpuiieio Be R™™ | 3HakoHeBH3HAYEHOI0 CHMETPUUYHOIO BHPOKEHOI0 BATOBOIO MATPHUILEIO
CeR™" y marpuunmii creneneBuii 106yToK:

e =ChATB(ACHATB+3I) T 11+8” (AC;A"B+81) ).
k=0

TTo3Haunmo
n—1

AL, =ChATB(ACHATB+3I) ' T[ I+ (AC/ATB+81) ), n=12,..
k=0

Toni na migcrasi iemu 8 i criBBigHONIIEHHS (20) O/1EepKUMO

3 ominku (20) BUmIMBAE, 1m0 1711 OyAb-Koro p = 1,2,... MaEMO Take rpaHUYHE 300pakeHHST
3BasKeHOI IICeBI00OEPHEHOT MaTPHIIL:

(21)

+
BC

<8 (A B)-[3) |

+ +
Bc ~Asn ‘HG—i/z '

HG—1/2

P
Aje =limCHATBY 8" (AC,ATB+8I)*, (22)
3—0 ot

a 3 owinku (21) ast 6yab-sikoro n = 1,2,... MaeMo
n—1
se =limCiAT BACHATB+8) '] 1 % (ACHATB +81y )y, (23)
- k=0

Takum yuHOM, i3 TpannYHUX 300paskerb (17), (18), (22), (23), 3BaskeHNX MCeBI00OEPHEHIX
MaTpUITh BUTLJINBAE, IO TIPH IOCUTH MAsTOMy niapamerpi & Marpurti Age it Ag ,, Ag , MOKYTb K
3aBrOZIHO MAJIO BIIPI3HATHCS OJIHA Bi/Jl OJ{HOI i Ha OCHOBI 3aIIPOIIOHOBAHUX TPAHUYHUX 300pakeHb
MOKHA 00YHCITIOBATH HAOJIVIKEHHST /10 3BAsKEHUX TICeBI00OepHEHNX MaTpuIlh. OIiHKH GJIM3bKOC-
Ti 3BaJKEHUX MCEBA00OEPHEHUX MATPUILH [0 X HAOJIMKEHUX 3HAYE€Hb BU3HAYAIOTHCS 3 [OMIOMO-
roio hopmy (135), (16), (20), (21).
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STUDY OF WEIGHTED PSEUDOINVERSE MATRICES WITH INDEFINITE SINGULAR WEIGHTS

The weighted pseudoinverse matrix with singular indefinite weights is investigated in the paper. The weighted
matrix norms with indefinite weights are specified, and inequalities for norms of matrix products are established.
Itis shown that under certain conditions a matrix symmetrized from the left by a positive semidefinite symmetrizer
[symmetrization operator] can be diagonalized by means of weighted orthogonal transformation. The necessary
and sufficient conditions for the existence of the version under consideration of pseudoinverse matrices with
singular indefinite weights are specified. And on basis of a theorem due to Cayley-Hamilton the representation
of the weighted pseudoinverse matrix with indefinite singular weights is obtained in terms of coefficients of
characteristic polynomials of symmetrizable matrices. The expansions of weighted pseudoinverse matrices with
positive semidefinite and indefinite singular weights in matrix power series and matrix products are derived and
investigated based on characteristics of symmetrizable matrices as well as on the representation of pseudoinverse
matrices in terms of coefficients of characteristic polynomials of symmetrizable matrices. On the basis of these
expansions the limitary representations of weighted pseudoinverse matrices with these weights are obtained.

Keywords: weighted pseudoinverse matrices with singular indefinite weights, matrix power series, matrix power
products, singular indefinite weights, expansions of the weighted pseudoinverse matrices.
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