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KonTakTHa 3aga4ya J1s Npy>KHMUX IOIIEPETHBO
HAIIPY>KeHUX IIiHAPiB KPyroBoro nonepeYyHoro nepepisy
(CyniTbHOTO Ta KiZTbI[eBOTO) Ta MiBIIPOCTOPiB

3 HOYATKOBMMM HANIPY >KEHHAMMN

IIpedcmasneno akademikom HAH Yipainu B.M. Hasapenkom

Cmamms npuceadena KOHMAKMHUM 3a0a4am ONIA WMAMNie YUIiHOpuuHoi ma Kinouesoi gopmu 3 nonepedHvo
HanpyxceHumu minamu 0e3 8paxysans cun mepms. JJo yux 3a0a4 HALeHams 3a0a4a NPo MUCK NPyrHo2o Kinb-
14€6020 WIMAMNA HA NIBNPOCMIP 3 NOYAMKOBUMU HANPYIKEHHAMU Ma 3a0a4A NPO MUCK 080X NONePeoHbO HANpy-
HEHUX NIBNPOCMOPIE HA NPYHCHUTE YUNTHOPUUHULL UMAMN 3 NOUAMKOBUMU HANPYHeHHAMU. [JOCiONeHHS numansy
KOHMAaKmMHoi 63aemo0ii meepoux miz, 00 AKUX 8I0HOCUMBCA memamuxa 0aHoi pobomu, npedcmasnena 00CUMb
aKmyanvHow npoonemor, OCKibKU 00HUM i3 HAUOIMbIL NOWUPeHUX HA NPaKmMulyi cnocobie nepedadi 306HIUHIX
HAaBaHmMaxNeHb € KOHMAKMHA 63AEmM00is. JJOCiONeHHS BUKOHAHO Y 3A2anvHOMY 6UenA0i O meopii 8enuKux no-
uamkosux degpopmayiii ma 080x eapianmie meopii Manux no4amkosux deopmayiit npu 008invHIti crmpyxmypi
npyx#Hoeo nomenyiany. JIns 00cnioxeHHs 3a0a4 BUKOPUCINOBYEMbCS 6eIUKA KibKiCMb PYHOAMEHMATTbHUX Pe3yTib-
mamis: nepemeopents Xaukens, napHi inmezpanvti piGHSHHS, 0PMOOHANLHI NOIHOMU ma iHWi Memodu meopii
KOHMAaKMHUX 3a0ay niHeapu3o8anoi meopii npyicHocmi.

Kntouosi cnosa: nineapusosana meopisi npyiHocmi, nouamxosi (3anuuikosi) HanpyseHHs, KOHMAaKmui 3a0adi,
Kinbye8Ul Wmamn, YUmiHOPUUHULL wmamn, nienpocmip.

[lo mpob6iem, sKi BifHOCATBCSA B0 KOHTAKTHMX 3a/a4 /I MPY)KHYX i IVTACTUYHUX Tin 6e3 Bpaxy-
BaHHA IIOYAaTKOBMX HAIIPY>K€Hb, HA JAHMUII YacC OfepP>KaHi pe3y/lbTaTy 3 LIMPOKOTO KO/IA MUTAHb.
Bci BoHM BifoOpakeHi y unceIbHNX BUIAHHAX MOHOTPadivHOro Ta HaBYA/JIbHOTO XapaKTepy, a
TaKOX y 0araTbox IepiofNIHNX BUIAHHIX.

LntyBanns: babuu C.IO., fpenpka H.O. KoHnTakTHa 3agada I IPY>XHNUX HOIEpefHbO HAIIPY>KEHUX LVJTiH-
piB KPYTOBOTO MOIIEPEYHOTO Mepepisy (CYLiIbHOrO Ta Ki/bIieBOr0) Ta MiBIPOCTOPIB 3 IOYATKOBYMI HAIIPY>KEH-
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OCKiZIbKM NPAKTUYHO B YCiX €/leMeHTaX Cy4acHMX KOHCTPYKIi i jeTansax MallyH NPUCYTHi
II0YAaTKOBI HAIIPy>KEHH:, TO AKTYa/IbHICTh JOC/iPKEHb KOHTAKTHOI B3a€EMO/ii 3 BpaXyBaHHA I10-
YaTKOBMX HAIPy>KeHb oueBU/HA. SIK BioMo 3 [1—5], moyaTkoBi Hapy>keHHs iCTOTHO BIIIMBA-
I0Tb Ha OCHOBHI XapaKTepUCTVKY KOHTAKTHOI B3a€EMOii, 0COO/IMBO /I HECTUCTMBHUX Till.

OcHOBHI pe3ynbTaT 3 TeOpil KOHTAKTHMX 3a/lad 3 ypaXyBaHHAM IOYaTKOBMX HaIPYy>X€Hb
oTpuMaHi B poborax [1, 2]. A uncio my6ikaniii 3 KOHTaKTHOI B3a€MOiI ITONIepefHbO HATIPYXKe-
HIX Ti/l HETIEPEPBHO 3POCTAE, 10 CBIJYUTD PO aKTYa/IbHICTh TaKUX JOCTi/IPKEHb.

B mawniit crarTi posIrnAmaETbcA 3afada A NPY>KHUX IONEPeHbO HAPYKEeHUX LUIiHApPIB
KPYTOBOTO IIOIIEPEYHOrO0 Nepepi3y (CyLiIbHOTO Ta Ki/IbI[eBOT0) Ta MiBIPOCTOPIB 3 TOYATKOBYMM
HAIIpy>KeHHAMN 6e3 BpaxyBaHH:A CUJI TepPTL.

Ockinbku B iHINHIA MeXxaHili MaTepialiB He MOXXHa BpaxyBaTM ITOYAaTKOBi HaIIpy>KeHHs,
TO JJIA IX BpaXyBaHHA 3aCTOCOBYIOTb 3arajibHy HeJIiHilIHy T€Opil0 NPY>KHOCTi. Ajle B IbOMY BU-
HajKy IPaKTUYHO HEMOXIMBO Ofiep>KaT! PO3B’A30K Y JOCTYIHOMY BUITIAAL. Tomy mpu gocuthb
3HAYHMX MOYATKOBVX HAIPYXXEHHAX Kpallle CKOPMCTATUCD JIiHeapu3oBaHMUM BapiaHToM [1, 2].
Tomyy [3, 4], Ak 1 y faHiik cTaTTi, ZOCTKEHHA BUKOHAHO Y 3aTa/IbHOMY BUILA/ /IS CTUCTVMBUIX
Ta HECTMCIMBUX Til Ji/Is Teopil BenMKuX (KiHIIeBMX) IOYaTKOBUX JedopMalliil Ta JBOX BapiaHTiB
Teopii ManMMX NOYaTKOBMX JepopMalliil IIpy ZOBIIBHIN CTPYKTYPi HPY>KHOTO ITOTEHIiany.

Hexaii npy>xHi TBeppi Ti1a KOHTAKTHO B3aEMOJIIOTD i3 IPY>KHUM UVTIHAPUYHMM 200 Ki/blje-
BJMM IITaMIOM. ByfieMo BBa)kaTu, 110 MOBEPXHi 11032 MEXXEI0 KOHTAKTY 3a/IMIIAI0ThCA BiIbHMMU
BiJl BIUIMBY 30BHIIIIHIX CIJI, @ Ha M€XXi KOHTAKTy IIepeMillleHHA Ta HAIIPpy>KeHHA — HeIllepepBHi.

7151 BOCTIiKeHHS 3aCTOCOBYEMO KOOpAMHaTH fiepopmisHoro crany Oy, (i =1, 3), siki moB’A3aHi 3
JTarpaHykeBUMM KoopiuHaTtamu x; (i =1, 3) cniBBigHomennamm: y; = A;x;, (i=1,3),0e A; (i=1,3) —
Koeil[ieHT! BUJOBKEHHS, 1[0 BU3HAYAIOTDh MIePeMillleHHs II0YaTKOBOTO CTaHY, A; = const . Bicp Vs
CIIpsAAMOBaHa 10 HOpMaJli ;O MeXKi KOHTAKTYy.

Y mocrnifpykeHHi po3IIAagaEMo IPY>KHi isoTpomnHi Tina (cTucnmsi abo HeCTUCNBI) 3 JOBIIBHOIO
¢dbopMorIo IIpy>KHOro HOTeHIiany [1]. Y Bullafiky OpTOTPOIIHMX Ti/I BB&XKAEMO, IIJO NIPY>KHO-eKBiBa-
JIEHTHi HANTPAMKM 36iraloThcsl 3 HAPAMKOM Ocelt KoopauHart y iehopmosaHomy cTaHi y; (i =1, 3).

Hexait nmouatkoBmit flepOpPMOBAHNUII CTAH € OHOPIAHMM, @ MeXa KOHTAKTY IPY>KHUX Til
PO3MIIlyETbCA Y TUIOMMHI Y, =const. bygemo BBakaTu, 110 IOYATKOBI HANPY>KEHHA MiOTh
B3/IOBX MeXXi KOHTaKTY.

bynemo BBakaTy, 1110 ITOYATKOBI CTaHM TiJl, O B3AEMOJIIOTh — OJHOPiJHI, 11 I HUX BU-
KOHYIOTbCA CHiBBifjHOIIEHHA [1—3]

ym:xm+Ui)n’ U?nZSmi(}Lm_l)}‘i_lyi (i’mzl’_3)’

ne d,,; — cumBon Kponekepa.
Topni ocHOBHe piBHAHHA Y IepeMillleHHAX [1, 2] I CTUCIMBUX Til Ma€ BUIIAL,

L, Uy =0, L, =000 /0ydyy (im0, B=13), (1)

m

a /14 HECTUCIINBUX Tin BUKOHYETDbCA YMOBaA HEeCTUCTUBOCTI
' ’ ’ _ ro_ 2
LmaUa T om ap /ay(x =0, Lmot - Kim(xB 0 /ayzay[} > (2)

a4 8Uj/8yi =0, g;=Nq; (0, j, m o, p=1,3).
24 ISSN 1025-6415. Dopov. Nac. akad. nauk Ukr. 2023. No 3



Konmakmmna 3a0a4a 075 npyscHUX nonepeorvo HAnNpyieHux yuninopie Kpyeo6020 nonepeuHozo nepepisy...

Bupasy i1 KOMIOHEHT TEeH30pa HANPYXXeHb /I CTUCIAMBUX 1 HECTUCIMBUX TN IIpn
y; =const (i=1, 2, 3) MATUMYTb BUITIAL,

(’);‘jaB % — JII CTUCTIMBUX TiJI, (0;' ap = ﬂwi.aﬁ,
Qz _ 80[3 ! 7‘17”27‘3 !
] K, g —%+ g, P — V1A HeCTUCTUBYX TiTI, :ﬂn.
ijop aéﬁ ij ’ jjof dehyhs ijap>
e w;maﬁ = w;maﬁ (Sfl, 822 , 823 , K;maB = K;maﬁ (Sf1 , ng, s§3) — CKJ/IafIOBi TEH30pa MOZY/IiB IIPYX-

HOCTi Y€TBEPTOTO MOPAJKY.
ITpu ogHOPiHMX TOYATKOBUX HANIPY>KEHHAX MA€ Miclle yMOBa:

St =822 #0; ST =05 A=A, £, 3)

Bpaxosyioun (3), po3s’s130k piBHsAHD (1), (2) mpepcraBuMO Yepes PpyHKILiO Y , AKa y IVIIiH-
APUYHMX KoopAuHarax (7, 6, y,) 3a710BO/IbHSAE XapaKTePUCTUIHE PIBHAHHA

(A, +E20*[ay2)(a, +E2 3% o yD)i =0, (4)

ne A, :62/8r2 +r_18/6r.

BpaxoByioun yMOBY iCHyBaHHS €IMHOTO PO3B’S3KY JIiHeapM30BaHOI Teopil MPy>KHOCTI i
CTUCTIVBYX i HECTUC/IMBYUX Ti/I, MOXK/IMBI IBa BapiaHTU IIpeiCTaB/IeHHs 3araJIbHOTO PO3B’sI3KY (4):
BUTAZIOK piBHUX KopeHiB (£ =&5):

%:561"')’35(2’(A1+E,~,2262/8)’§)7~(,1:0’ (A1+§'2282/8y§))~(220; (5)
BUTIAJIOK HepiBHUX KopeHis (&) =E7):
L=T0 o (A +EZ O 0yD) 7, =0, (A, +E28%/0yD)7, =0. (6)
Y cucTeMi KpyrOBUX IWTHAPUIHUX KoopamHaT (1,0, 2,), fie z, =V, ' y,, v, = \/17, (i=1,2),
_er2 ”2

n =&, n,=E&;, 3a JONOMOror MeTOfiB po3fineHHA 3MiHHuX (meros; Dyp’e) BUBeEEHO
PO3B’A3KM /1A CKiHUYEeHHMX LVUTIHAPUYHUX (KilblIeBUX) LITAMIIB 3 ITOYaTKOBVIMM HAIPY>KeH-
HSIMU, 5IKi BUPQ)XaIOThCA Yepe3 HeCKIHYeHHY CUCTeMY KOHCTAHT. A Hanpy»XeHo-IedopMOBaHMIT
CTaH Y NPY>XHMX Ti/laX 3 MOYaTKOBYMM HAIIPy>KeHHAMM UL BUNIAZAKiB (5) i (6) BU3Ha4YeHO uepe3
rapMOHIiHI QyHKIiI y BUIAA] iHTerpaniB XaHKeA.

OTtxe, po3rIsiHeMO TofaHi 3ajjaui geranbHinie. CHOPMYIIOEMO IMOCTAHOBKY 3ajadi PO
CTUCKAHHA JBOX IIONEPESHbO HAIPY>KEHMX IIBIIPOCTOPIB Ha NPY>XHUI UUIIHAPUIHUI IITAMIT
3 TIOYaTKOBUMM Hamnpy>KeHHAMM: Hexaii cKiH4eHHMII NPY>KHMI LUVIIHAPUYHUI IITaMI BICO-
T010 H 3 MOYaTKOBMMM HaNPy >KeHHAMM, TEOMETPUYHA BiCh CUMETPii AKoro 36iraeThcs 3 Biccio y,
IVTiHAPUYHOI CHCTeMM KOOpAMHAT (7, 0, ¥,), CTUCKAEThCA (PO3TATYETHCA) ABOMA iTEHTUYHIMU
IIOIIEPEIHPO HAIIPY>KEHMMI ITiBIIPOCTOPAMM 32 JOIIOMOIO0 BiCECMMETPUYHOIO HaBaHTa)KeHHH,
1110 3BOJIUTBCA O PiBHOAINHOI cuy P. 30BHIlIHE HaBaHTAXKEHHA IPUK/IaJjeHe TaKUM Y/HOM, 1110
TOYKY He 3aBaHTA)XEHUX IIOBEPXOHb 000X IOIepeHbO HAIPY>KeHMX MiBIIPOCTOPIB Ta Bimjae-
HMX BiJi M&Xi KOHTAKTy IiBIIPOCTOPIB 3 IPY>XHUM LITAMIIOM, II€PEMILAIOTHCS BIJHOCHO KOOP-
OVHATHOI IJIOIVHA y3:0 Ha Be/IMYMHY & R — papiyc umiingpuyHoro mrama, h = 0,5H.
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Y cucreMi nuniHAPMYHNX KoopAnHAT (r, 0, z;), Takiil HOCTAaHOBIIi BiTIOBiZAIOTh I'PAHNY-
Hi yMOBM: .
1) Ha TOpILAX NPY>KHOTO IITAMIIA B 0071aCTi KOHTAKTY 2z, =*h/v; (i=1,2):

) —u?=e, QY =Q, Q=0 Q’=0 (0<r<R) (i=1,2); (7)
2) Ha Me)Xax MPY>KHMX MiBIPOCTOPIB 11032 TIIAHKOI0 KOHTAKTY z; =+h/v, (i= 1,2):

=0, QW=0, w?=0, (r>R) (i=1,2); (8)
3) Ha 6OKOBIiT ITOBEPXHi IPY>KHOTO IITammna r =R :
Q¥ =0, Q¥W=0, (z|<hiv) (i=12). (9)

YMoBa piBHOBaru, AKa BCTAaHOBJIIOE 3B’S130K MK OCiaHHAM TOPLIB Ta PIBHOJITHOIO HAaBaH-
TaXXeHHA B Mae BUTmAm:

R

P=-2n[r|QP|dr, QY HQY | s, (=12). (10)

0

YmoBa (10) 3akpuBa€e IIOCTAaHOBKY IIPOCTOPOBOI TiHeapM30BaHOI 3a/iadi PO KOHTAKTHY B3a-
€EMOJIII0 MOIIEPENHbO HANIPY>KEHOIO CKIHYEHHOTO LMIIHAPUYHOTO HITAMIIA i3 IBOMA IIPY>KHUMU
MiBIIPOCTOPAMU 3 ITIOYATKOBMMM HAIIPY>KEHHAMIA.

3aranbHUI PO3B 30K [IA BI3HAYEHHA HAIIPY>KeHO-1e(OPMOBAHOTO CTAHY Y LVIIiHPUIHO-
My IIPY>KHOMY HITaMIIi 3 TIOYaTKOBMMM HAIIPY>KEHHAMM, HAIIPUKIIA/l, Y BUIIAJKY HEPIBHUX KOpe-
HiB XapaKTepUCTUYHOTO PiBHAHHA (4) IpMiTMeMO Y BUIJIALL:

% =3C,r" (2, —2,)—2C, (7} +z§)+z {[AL, (yv,1) S, (v,vy2,) + 1
k=1

+B I, (7,v,1) S, (Vv 25) 1+ T (0 0[S, (o zy) + S5 (0 2,) 1)

k
ne v, =%, oy =%‘ (J; (@, R)=0), C,, D, E;, F,, N,, M, (k =0, 1,...) — mesaxi crani xoediri-

€HTH, AKi BU3HA4aloTh i3 ymMoB (7)—(10); I (x), J(x) — dynkuii Beccens; S =Cy sin(y,v,z,) +
+ D, cos(yv,2), S, =Egsh(a,z)+ Fch(o,z), S;=N;sh(a,z,)+M,ch(o,z).

Hamnpysxeno-gedopMoBanmil CTaH y MONepegHbO HANPY>KEHMX ITiBIIPOCTOPAX BM3HAYAEMO
3TiJJHO 3 TiHeapu30BaHVMM PiBHAHHAMM [2]:

Cyy M+ml %

Qé(;) (p; C;) = : J.F(n)(sengz _5361141 ), (np)dn,
0
. C, (1 K
Q30 () =~ [ (7% ™), (nphn (12)
ViR 0
. “F
U (p;6,) :_%J- (n)(sZenCZ — ;"] (np)dn,
Lo
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Z; . - _ _
pe&=—+, —E :EI’ n=E&R (i=12), s=s,L] Y s, =(m; —=1)m, Y s, =(vym,)(v,m;) !
1
S5 =5,VV5 s F (n) — mykaHa QyHKIiA.
3 mepmmx rpaHNYHNX yMOB (7)—(8) Bu3Haummo HeBifoMy dyHkuio F (1) 3 mofBiitHuX iH-
TerpajbHNUX PiBHAHb:

0

F 0
| T]o P)dn=q(p),  0<p<l  [F()],(mp)dn=0, p>1, (13)
0 0

h h m h
e a3 {3 )
1 k=1 1 1 1 ) 5

. h _ _
+Mkch(uLD]xk>, o, =v13m11(s3 -s,) L
Rv,

Bpaxosytoun [2], Mmaemo

F(n) 2¢ @, S M “sh| it o
A o

+&[N;sh[“kh] Mic h[“kh mm(n, uk)J. (14)
n, Ry, Rv,

. . . * * * .ee . .
JIAA BUSHAQYEHHA CTA/INX KOECMPIIIEHTIB N , E s M Ta HKIJ11 F 6 710 BBE€I€CHO 3M1HHI:
k> Lo Mg y Y

TF(Mm) eR(v, +v,5) Rn, -~

.[—]1 == i x=———— B

5 N 2vv,h(s—s;)0 EH,, 0,

0 1

[nw o oo, (w,p) T, (p)dpdn =y (1, 1) - (15)
0 0

Jlna BigurykanHa HeBijoMux Y, ¥, (k=1, 2, ..., n), mo BxXoxaTh fo (11)—(14), oTpumMaemo

HeCKiHYeHHY CUCTeMY JTHIHNX anre6paidHuX piBHAHD

o0
S + DOty =B (k=0,1,2,..). (16)
n=0
KBasiperynapaicts cucremMn (16) mifATBEpHXKYeTbCA aCUMITOTUYHUMMY IIPefICTaBICHHAMNI
nia GyHKIi beccens, BemmumH [, Ta o6MexeHOCTi iHTerpamis (W, W, ) mpu A, > M [1—3].
TaxuM 4MHOM, MaHa 3aJada 3BeJeHa MO BM3HAYeHHS IIOCTIMHUX Lk (k=0,1,2,.) yepes AKi
BUPAXKAIOTbCS XapaKTepUCTUKN HAIIPYXKEHO-TAe(OPMOBAHOTO CTaHy IIPYXKHOTO MITAMIIA Ta JBOX
MiBIIPOCTOPIB 3 IOYaTKOBMMI HAIIPY>KEHHAMMU.
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Buxopucrasimy ymoBy piBHOBaru (10), BCTAHOBITIOEMO 3B A30K MX OCiJaHHAM Ta piBHOf0-
yot0 HaBaHTaXeHHs Py surnsami P = neR*C,, (1+m)], (v, +sv,)(v,v,h0,) .

Busnaunsim HesigoMmi ctam y;, (k=0,1,2,...) i3 cuctemu niHiitHMX anre6paidyHNX PiBHAHD
(16), MOXKHa 06YMCINTY KOMIIOHEHTH ITepeMillleHb Ta HAIPYXKeHb K Y IPY>KHUX HiBIPOCTOPAX,
TaK i y Ipy>KHOMY IuTamIti. Po3B’A3Kky 3a1adi TaKOX IpeCTaB/IeH] y BUTIALL pAiB Yepe3 HeCKiH-
4eHHY cucTeMy mocTiitaux y,;, (k=0,1,2,...).

[TocTaHOBKY 3ajiaui, FpaHMYHI YMOBM Ta YaCTKOBI pe3y/IbTaTy pO3B’sI3aHHA 3a/ladi PO TUCK
IIPY>KHOTO KiJIbIIEBOTO IITAMIIY 3 IIOYaTKOBMMI HAINPY>KEHHAMI Ha IIOIEPENHbO HAIPY>KEHUM
HiBIPOCTip mpepcTaBieHo y [5].

Ha Bigminy Bif posB’si3ky nomnepenHboi 3ajadi, HeBizoMy QyHKIito F (1) BUSHAYaEMO 3 I10-
TPIHUX iHTErpaNbHNUX PiBHAHb:

0 OOF
J.F(’ﬂ)]o (nr)dn=0 (R, <r<o); J‘%]o (mrdn=f(r) (R <r<R,);
0 0

[FJ,(ndn=0 (0<r<R), (17)
0
® - Y, (akR1Rz_l) -1 -1 m —m,
me f(r)=—2|e+t; Y 0| — 27 (0, R'r)-Y, (0, R;'r) [ M, |, t; =——2—.
/ R, lg ¢ ]l(ocleRz‘l) 0Tk 0Tk kpo n, 1+my)

Inrerpanbhi piBHAHHA (17) 3BemeMo 1o opHoro [5], Toni ¢yHkuio F (1) Oymemo mykaru y
BUIISAIL

F(M)=R, Y W,,],,0,5n(R, —R)],, (0,5n(R, +R))) , (18)
n=0

fe W, — HEBi/JOMi KOHCTaHTMU.

, ©)
Q) 0.8 A =1, vs A =13
P A =12 € 1=
A =11 A =11
0.6 X'=1)0 '
A =09 A, =08
04| =08 A =07
A\ =07 10
0,2
= 0,5 nl 0
”’—’ _0,2 U,2 0,4 .6
-0,4
A\, =09
-0,6 -10 A\ =12
Puc. 1. HopmanbHi Hampy>KeHH:A Qé(;) / P B3mOBX Puc. 2. Ilepemimenus U§(3) /g ipn z;=0

LVUTIHAPUYHOTO HITaMIIa
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Mlns Busnavenns cramux W, (i =0, 1, 2, ...), axi BXo#aTb 710 (17), OTPMMAa€EMO HECKiHUEHHY
CHCTeMY NiHITHNX anre6paiuHux piBHAHD THITy (16). OTpMMaHy CUCTEMY PO3B A3YEMO METO/IOM
pemyKiiii, BpaxoByioun sHauenns W, = w,en(R, — R,)(8w,R,) ™.

BusnayenHs HeBiomux cramux W, (i =0, 1, 2, ...) i3 cucremn niniitHux anre6paiynux pis-
HAHD JI03BOJIMTH OOUYMCINTI NepeMillleHHA Ta HAIPY)XXeHHA AK Yy MPYXHOMY IITaMIi, Tak i y
IIPY>KHOMY IiBIIPOCTOPI.

BpaxoByioun pesynbTaTi HOCTIIKeHb, MOKHA 3POOUTY y3arajbHIOIYi BYICHOBKM, IIOHO
BIUIVBY IIOYAaTKOBMX HAIIPY>KEHb Ha 3aKOH PO3IO/IiNTy KOHTAKTHUX XapaKTEPUCTUK MPY>KHMX TiJl.

Y Bumagxy CTUCKaHHA IBOX IONEPENHbO HANPY>KEHMX IIBIIPOCTOPIB Ha IPY>XHUI LU/IiH-
JPVYHUI IITAaMII BUABJIEHO, IO HAiOiMbIINiI BIUIMB [IOYaTKOBMX HAINPY)XeHb BiJj3HAYEHO Ha
6iuHii moBepxHi mraMma. Ta He6e3MeYHOIO € CUTYallisA, KOIM II0YaTKOBI HAIIPy>KeHHs HaO/IKa-
IOTHCA JIO 3HaY€Hb II0BEPXHEBOI HECTIMKOCTI, OCKI/IbKM KOHTAKTHi HaIpy>KeHHA 1 IlepeMillleHHA
Pi3KO 3MiHIOIOTH CBOI 3HAaUEHHS.

Taxkox 3 JOCTi/[KEHHA KOHTAaKTHOI B3a€MOJII IBOX IONIEPENHbO HAIIPY>KEHUX MiBIIPOCTOPIB
Ta IMPY>KHOTO IVUIIHAPUYHOTO MITAMIIA y BUIIAAKY MOTeHIiany Tpemoapa (Tino HeorykiBcbKoro
TUITY) MO>KHA O6AYNTH, 110 UMM O/VK4Ye /10 IIeHTPa/IbHOTO TOIIePEeYHOTo Mepepisy IiHgpud-
HOTO LITaMIIa, TUM IIBU/IIIe HOPMa/IbHi HAIlpy>KeHHA NIPAMYBaTUMYTbh o HynA (puc. 1). A nepe-
MillleHHA IPUIIMalTh 3HAYHO 6171l 3HAYEHHA O/IVHKYe IO Oci UVIHAPUYHOIO WITAMIIA, HiXK 10
jioro 6iyHo1 noBepxHi (puc. 2). [Ipnyomy, 3 OCTiIKeHHS 3Ha4eHb PiBHOJITHOI HABaHTaXXeHH:A P
MOYXHA 3pOOUTH BUCHOBOK, IIIO IIPM PO3TATY cuta P mpuitMae Oinblii 3Ha4YeHHA HXK IIPY CTUCKY,
OCKi/IbKM iX 3HaYeHHS 3MEHINYIOTbCSA i3 36inblIeHHAM KoedillieHTa BUTOBXKEHHS \,.

Takum 4nMHOM, OTpMMaHi pe3yIbTaTy JOCIPKeHb MOXYTb OYTY BUKOPUCTaHI [ peryo-
BaHHA KOHTaKTHMX HANPY>KEHb i IepeMillleHb IIPY pO3paxXyHKaX BaXK/IMBUX XapaKTEPUCTUK IS
Npy>XHMX QYHAAMEHTIB i3 mifoBaMu KOIoH Oy/iBenb, AUMOBYX TPYO, TpafiupeHb, BOZOHAIIPHIX
BEX Ta IHIINX BUCOTHVIX CHOPYJ Ha BiTpOBe HABaHTa)XeHH: a00 HaBaHTa)KEHH:I BiJ| BJIACHOI Bar.
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CONTACT PROBLEM FOR ELASTIC PRESTRESSED CYLINDERS
OF CIRCULAR CROSS-SECTION (SOLID AND ANNULAR) AND HALF-SPACES
WITH INITIAL STRESSES.

This article addresses contact problems involving cylindrical and ring punches interacting with pre-stressed bod-
ies, without considering frictional forces. Specifically, it focuses on the pressure exerted by an elastic ring punch on
a half-space with initial stresses and the pressure exerted by two pre-stressed half-spaces on an elastic cylindrical
punch with initial stresses. Investigating the contact interaction of punches, which forms the main objective of this
work, is highly relevant, as contact interaction is one of the most common methods of transmitting external loads
in practical applications. The research was conducted within the framework of the theory of large initial (ultimate)
deformations and two variants of the theory of small initial deformations, based on the linearized theory of elastic-
ity with an elastic potential of arbitrary structure. Various fundamental results were employed in the analysis, in-
cluding Hankel’s transformations, integral equations, orthogonal polynomials, and other methods from the contact
problem theory of the linearized theory of elasticity.

Keywords: linearized elasticity theory, initial (residual) stresses, contact problems, annular punch, cylindrical die,

half-space.
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